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special case b = 0 must be interpreted as a casual coinci-
dence. In fact in Ref. 5 it is shown that the Appendix given
by Gyftopoulos in Ref. 2 is wrong also for b = 0.

It is important to note that in Ref. 3 there is provided a
rigorous proof for the asymptotic stability criterion first
given by Akcasu and Dalfes (Ref. 6) in 1960 and later used
by Akcasu and Akhtar (Ref. 7) and Lellouche (Ref. 8) to
investigate the stability of a xenon controlled point reactor
with the presence of temperature feedback. In Ref. 3 it is
pointed out that the criterion is correct but the proof given
in Ref. 6 is incorrect, because the asymptotic stability is
based on the conclusion that dU(x)/dx — 0 as x — « if Ulx)
is non-increasing and bounded below. This conclusion is
not correct, as one can easily find counter examples.
However, if dU(x)/dx is uniformly continuous then dU{x)/
dx — 0 as ¥ =« by a lemma given by Barbalat (Ref. 9).
Since the uniform continuity of dU(x)/dx was not proved or
mentioned in Ref. 6 the criticism by Di Pasquantonio and
Kappel was justified. In fact, Akcasu and Akhtar (Ref. 10)
had already presented a rigorous derivation of the new
criterion given by Akcasu and Dalfes following the same
analytical method given in Ref. 6 and using Barbalat’s
lemma. Unfortunately the authors of Ref. 3 did not know of
this proof, and hence, could not take it into account in their
paper.

Finally the authors of this letter wish to thank Mr.
Gyftopoulos and Mr. Akcasu for an interesting correspon-
dence which led to a complete agreement about the matter
treated in this letter.

F. Di Pasquanitonio

ENEL-Direzione Studi e Ricerche
Centro Ricerca di Automatica

Via Beruto 18

120131 Milano (Italy)

F. Kappel

2. Lehrkanzel fur Mathematik
Technische Hochschule in Graz
Kopernikusgasse 24

A 8010 GRAZ (Austria)

July 16, 1969

6A. Z. AKCASU and A. DALFES, Nucl. Sci. Eng., 8, 89 (1960).

"A. Z. AKCASU and P. AKHTAR, J. Nucl. Energy, 21, 341
(1967).

8G. S. LELLOUCHE, J. Nucl. Enevgy, 21, 519 (1967).

9I. BARBALAT, Rev. Math. Pures Appl., 4, 267 (1959).

A, Z. AKCASU and P. AKHTAR, Proc. Brookhaven Confev-
ence on Industrial Needs and Academic Reseavch in Reactor
Kinetics, April (1968) 8-9, BNL 50117 (T-497), to be published.

Comments on the Neutron Transport Theory
with Anisotropic Scattering

In this letter, which is concerned with one-group neutron
transport with anisotropic scattering in a homogeneous
medium, it will be shown that there are no discrete
eigenvalues of the transformed transport equation within
the region of continuous eigenvalues. The existence of
discrete eigenvalues in this region has been assumed by
Mika,1 who applied the spherical harmonics method to the
aforementioned problem. Zela.zny2 has already shown that
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in the case of one-group neutron transport with isotropic
scattering in a homogeneous medium, such eigenvalues do
not exist.

Analogously to Mika,' the scattering function is ex-
panded into a finite series of Legendre polynomials

N
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and introduced into Boltzmann’s equation for plane geome-
try
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With help of the relation

¥ (x,u) = exp(-#/v) plv,u)
the transformed equation
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is obtained. Multiplication with ps(u) and integration over
u from -1 to +1 yields

(s + l)h(s+1)(v) - V[Cbs - 2(3 + 1)] hs (V)+ Sh(s- 1)(V) =0 ,

s =0,1,2...
2
where
W) = [ edw)elvp)de , K=012...  (3)
hoa(y)=0 . (4)

From Eqgs. (2) to (4) kg(v) ~ho(v). Therefore, the nor-
malization

ho(v) = 1 (5)

may be used without lose of generality. The general
solution of (1) is

6,1 = (c/2) [u/(u-m]é b pilis) () + A (1) 60 - )

There are discrete eigenvalues u; outside the interval
[-1, +1] given by

QUv))=0 vy # [-1, +1] (6)
where
() = 1+ ez 3 b Qi@ ix(a) @

Additionally, there is a continuum of eigenvalues v in the
region [-1, +1] with

Ap) = PQ(v)  ve-1, +1] . (8)

The completeness of the resulting set of eigenfunctions of
Eq. (1) has been shown by Mika.*

The nonexistence of discrete eigenvalues within the
continuum of eigenvalues will be demonstrated by showing
that the assumption

lim 9(z) =0

- 1
lim vel-1, +1]

for arbitrary N leads to a contradiction to the normaliza-
tion Eq. (5). Application of Plemelj’s formula to Eq. (7)
yields
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from which
(i1¢/2) v 35 b p(W g (1) = 0 (9)
K=0
P(y)=0 . (10)

Multiplying the well-known recurrence relation for Leg-
endre polynomials

(K + Dpger(v) - 2K+ 1) X v X pelv) + K pr-o{w) = 0
for K=0,1,2,....

with hg(v), and relation [Eq. (2)] with px{»), subtracting the
resulting equations and performing the summation over K
from 0 to N yields

CVIﬁ; by pr(v) he(v) = (N + 1) [P EN(V) - Dy(0) By 4a(0)]
(11)

Using the recurrence relation for the Legendre functions of
the second kind

(K + 1) Qx+1{v) - (2K+ 1) X v X Q(¥) +K X Qk-o(v) = 0
for K=1,2,....

and the definition [Eq. (7)] of ©(2) gives

PQv) = -V + 1) [PQn41(v) in(v) - PON(Y) Inaa(v)]  (12)
by induction from Nto N+ 1.
Inserting Eqs. (11) and (12) into Eqgs. (9) and (10),

respectively, mutiplying Eq. (10) with py(v) and Eq. (9) with
P@y(v) and subtracting the resulting equations yields

[NV POnsr(v) - DV PN AN () = -(N+ 1) M hiy(v) = 0
from which
nn{v) = 0 for arbitrary N.

Similarly, starting with the multiplication of Eq. (10) with
pn+1(v) and Eq. (9) with PQy4(v) one finds

hN+1( V) =0

Thus, by repeated application of Eq. (2) 2o(») = 0, which is
in contradiction to Eq. (5).
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