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could stop here., However, it is a simple matter of multi-

plication and addition to include up to O{E®) terms in this

second iteration and improve the accuracy even further,
We thus obtain the expression for E,. to 0(E%:
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A similar expression is obtained for the right-hand side
of Eq. (3) up to O(E"). The improved accuracies computed
by including these higher-order terms in the second itera-
tion are shown in column 6 of Table I, In column 7 we show
the accuracy if one includes the sin 57x correction
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Thus, reasonable accuracy can be obtained in the second
iteration for this problem.
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Comments on Theoretical and Experimental
Criteria for Reactor Stability

Kalinowski' recently criticized the proof of a stability
criterion given by Gyftopoulos.® But neither the arguments
given by Kalinowski nor the reply by Gyftopoulos are
satisfying because the solutions of the corresponding
kinetic equations [Egs. (1) through (3) in Ref. 2] are
interpreted in a finite dimensional Euclidean state space.
Since these equations represent a system of functional-
differential equations, it is necessary to interprete the
solutions in an appropriate function space [in this case
C{-=, 0]].

Indeed Egs. (1) through (3) of Ref. 2 are autonomous as
Gyftopoulos says. This is due to the fact that {cf., Ref. 3,
p. 764)
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plE+ 1), = < 7= 0, is a function in {-», 0] usually denoted
by the symbol p,. For any value of { the function p, belongs
to the space C{-~, 0]. Therefore, the integral I can be
written as I = F{p,). If ¢ varies, then / changes its value
only if p, varies as an element of C(-, 0l.

The Liapunov functional V used by Gyftopoulos [Eq. (17)
in Ref. 2], contrary to the statement of Kalinowski, is
positive definite without any assumption over the integrals,
if the given conditions on the parameters are fulfilled, I
the calculations relating to the step from Eq. (19) to
Eq. (20) of Ref. 2 were correct, then the time derivative of
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V would be only negative semidefinite and not, as Gyfto-
poulos says, negative definite. In fact, V is zero for p(2) =
0 and ¢{f) (¢ =1, .., m) arbitrarily. But apart from the
correctness of Eq. (20), which will be discussed below, the
methodological foundation of the paper by Gyftopoulos is
wrong, because it is not possible to apply classical
theorems of Liapunov’s direct method to Egs. (1) through
(3) of Ref, 2, since these are functional-differential equa-
tions and not ordinary differential equations. In Ref. §,
considering Eq. (20) as correct, it is shown that Gyfto-
poulos’ eriterion can be proved applying an extension of
Liapunov’s direct method to functional-differential equa-
tions given by Hale (Ref. 4). Moreover, since Gyftopoulos
provides no proof for the domain of asymptotic stability
given in Ref. 2 [in fact the domain defined by the in-
equalities (23) is merely a domain where V is positive
definite], in Ref. 3 there is given a domain which is surely
contained in the domain of attraction relating to the power
equilibrium state.

Some correspondence following up the publication of the
paper quoted in Ref. 3 revealed an error in the step from
Egs. (A7) to (A9) in Ref. 2. Precisely, one has that from

K (w1,w2)|? = 4Re G(jwiRe G(jws) + CHwrwa) (1)
does not follow
K{wy,ws) = 2[Re G(jwi)Reg(jwa)]"? + jCwy,ws)

(2)
but more generally
(w1,ws) = 2[Re G(jwi)Re G(jwz)]"2alwy,ws)
+ Clwy,wy)Blwy,wg) - (3)
a{wy,w,) and Blw,,w;s) are complex numbers with |a] =18 = 1.

In other words, knowning [K(wyw.)[* one can not deter-
mine uniquely K(wy,ws).

The incorrectness of Eq. (20) in Ref. 2 is confirmed by
the discussion of a particular case. For instance Gyfto-
poulos considers the case where b is very large. In fact,
considering, as Gyftopoulos says, only the last integral
term in V we have
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Now, if we have d® = g and @, d > 1, then
-1<plty<d-1 (6)
implies
-1<pt)<a~1 "

Equations (5) and (7) prove that V is positive semidefinite,
because b, @, . are positive constants. But according to
Eq. (20) of Ref 2, V should be negative semidefinite!

It is mterestmg to mention that in the special case b =0
the condition Re G(w) > 0 given by Gyftopoulos coincides
with the condition relating to the new stability criterion
given by the authors of this letter in Ref. 5, considering a
new Liapunov functional and applying an extension of the
stability theory given by Hale in Ref. 4. However the
coincidence of G(w)> 0 with the new criterion in the
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134 LETTERS TO THE EDITOR

special case b = 0 must be interpreted as a casual coinci-
dence. In fact in Ref. 5 it is shown that the Appendix given
by Gyftopoulos in Ref. 2 is wrong also for b = 0.

It is important to note that in Ref. 3 there is provided a
rigorous proof for the asymptotic stability criterion first
given by Akcasu and Dalfes (Ref. 6) in 1960 and later used
by Akcasu and Akhtar (Ref. 7) and Lellouche (Ref. 8) to
investigate the stability of a xenon controlled point reactor
with the presence of temperature feedback. In Ref. 3 it is
pointed out that the criterion is correct but the proof given
in Ref. 6 is incorrect, because the asymptotic stability is
based on the conclusion that dU(x)/dx — 0 as x — « if Ulx)
is non-increasing and bounded below. This conclusion is
not correct, as one can easily find counter examples.
However, if dU(x)/dx is uniformly continuous then dU{x)/
dx — 0 as ¥ =« by a lemma given by Barbalat (Ref. 9).
Since the uniform continuity of dU(x)/dx was not proved or
mentioned in Ref. 6 the criticism by Di Pasquantonio and
Kappel was justified. In fact, Akcasu and Akhtar (Ref. 10)
had already presented a rigorous derivation of the new
criterion given by Akcasu and Dalfes following the same
analytical method given in Ref. 6 and using Barbalat’s
lemma. Unfortunately the authors of Ref. 3 did not know of
this proof, and hence, could not take it into account in their
paper.

Finally the authors of this letter wish to thank Mr.
Gyftopoulos and Mr. Akcasu for an interesting correspon-
dence which led to a complete agreement about the matter
treated in this letter.
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Comments on the Neutron Transport Theory
with Anisotropic Scattering

In this letter, which is concerned with one-group neutron
transport with anisotropic scattering in a homogeneous
medium, it will be shown that there are no discrete
eigenvalues of the transformed transport equation within
the region of continuous eigenvalues. The existence of
discrete eigenvalues in this region has been assumed by
Mika,1 who applied the spherical harmonics method to the
aforementioned problem. Zela.zny2 has already shown that
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in the case of one-group neutron transport with isotropic
scattering in a homogeneous medium, such eigenvalues do
not exist.

Analogously to Mika,' the scattering function is ex-
panded into a finite series of Legendre polynomials

N
F@ - Q) =@n)" T bx (@ % Q)
K=0
and introduced into Boltzmann’s equation for plane geome-
try
p X (3/9x) Wlx,p) + ¥lx,u)

N
= ¢/2) T bx o () [k () W) dn!
With help of the relation

¥ (x,u) = exp(-#/v) plv,u)
the transformed equation
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is obtained. Multiplication with ps(u) and integration over
u from -1 to +1 yields

(s + l)h(s+1)(v) - V[Cbs - 2(3 + 1)] hs (V)+ Sh(s- 1)(V) =0 ,

s =0,1,2...
2
where
W) = [ edw)elvp)de , K=012...  (3)
hoa(y)=0 . (4)

From Eqgs. (2) to (4) kg(v) ~ho(v). Therefore, the nor-
malization

ho(v) = 1 (5)

may be used without lose of generality. The general
solution of (1) is

6,1 = (c/2) [u/(u-m]é b pilis) () + A (1) 60 - )

There are discrete eigenvalues u; outside the interval
[-1, +1] given by

QUv))=0 vy # [-1, +1] (6)
where
() = 1+ ez 3 b Qi@ ix(a) @

Additionally, there is a continuum of eigenvalues v in the
region [-1, +1] with

Ap) = PQ(v)  ve-1, +1] . (8)

The completeness of the resulting set of eigenfunctions of
Eq. (1) has been shown by Mika.*

The nonexistence of discrete eigenvalues within the
continuum of eigenvalues will be demonstrated by showing
that the assumption

lim 9(z) =0

- 1
lim vel-1, +1]

for arbitrary N leads to a contradiction to the normaliza-
tion Eq. (5). Application of Plemelj’s formula to Eq. (7)
yields



