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Numerical methods for solving the integrodifferential, integral, and surface-integral
forms of the neutron transport equation are reviewed. The solution methods are shown to
evolve from only a few basic numerical approximations, such as expansion techniques or the
use of quadrature formulas. The emphasis is on the derivation of the approximate equations
from the transport equation, and not on the solution of the resulting system of algebraic

equations.

The presentation covers the approaches used in general-purpose production calculations,
including the discrete ordinates finite difference method, the method of characteristics,
finite element approximations, the collision-probability method, and nodal methods.
Various quasi-analytical techniques for calculating benchmark problems are also treated,
such as the singular eigenfunction, spherical harmonics, integral transform, and Cy and

Fn methods.

I. OVERVIEW

L. A. Introduction

The particle transport equation used in radiation
shielding and reactor core calculations, as well as
radiative transfer analysis of stellar and planetary
atmospheres, is a linearized version of the equation
originally developed by Boltzmann for the kinetic
theory of gases. The fundamentals of such transport
phenomena are available in several monographs.!™

'K. M. CASE, F. de HOFFMANN, and G. PLACZEK,
Introduction to the Theory of Neutron Diffusion, U.S. Gov-
ernment Printing Office, Washington, D.C. (1953).

’S. CHANDRASEKHAR, Radiative Transfer, Oxford
University Press, London (1950) and Dover, New York (1960).

3B. DAVISON, Neutron Transport Theory, Oxford Uni-
versity Press, London (1957).

%K. M. CASE and P. F. ZWEIFEL, Linear Transport
Theory, Addison-Wesley Publishing Co., Inc., Reading, Mas-
sachussetts (1967).

C. CERCIGNANI, Mathematical Methods in Kinetic
Theory, Plenum Publishing Company, New York (1969).

M. M. R. WILLIAMS, Mathematical Methods in Particle
Transport Theory, Butterworths, London (1971).

7J. J. DUDERSTADT and W. R. MARTIN, Transport
Theory, John Wiley & Sons, Inc., New York (1979).

Except for highly idealized problems, solution of
the transport equation is accomplished by numerical
means. A large variety of numerical methods have
been developed which, at first glance, appear quite
different. Upon further inspection, however, it may
be seen that these methods are based on a few ap-
proximation techniques, such as finite differences
for differential operators, quadrature formulas for
integral operators, or expansion methods.

It is the purpose of this paper to present in detail
the basic principles of the approximations used to
solve the neutron transport equation. One of our
motivations is to tie together the various solution
methods within the framework of numerical approxi-
mation techniques; the emphasis is on the derivation
of the approximate equations from the transport
equation, and not on the solution of the resulting
system of algebraic equations. The presentation is
limited to deterministic methods for the one-group,
steady-state transport equation, with the exclusion
of the stochastic Monte Carlo technique. Energy
dependence is not treated in an explicit way, but the
techniques discussed here apply, for the most part,
to the multigroup formalism; for completeness, a
brief discussion of iterative schemes used in the
solution of the multigroup equations is given in the
Appendix.
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The choice of the numerical method differs
according to whether the solution involves a highly
idealized ‘“benchmark” problem or a more realistic
“production” problem such as the calculation of the
neutron flux in an optically large region of a reactor
or a shield. For a given problem, the choice of the
method depends on the degree of information re-
quired for the spatial and angular dependence of the
neutron distribution. The choice also depends on the
approximations one uses to describe the properties
of the media and their geometrical configuration; for
example, this includes the degree of anisotropy of the
scattering, the complexity of the material hetero-
geneities, and the optical size of each homogeneous
region. (Perhaps, most importantly, the choice de-
pends on which computer programs are readily
available!)

Solutions of the neutron transport equation are
obtained using one of three formulations: the integro-
differential, the integral, and the surface-integral
forms. The choice among the three is determined by
physical and numerical considerations. Generally the
integrodifferential approach is used for the treatment
of optically large media, whereas the methods based
on the integral equation are most appropriate in
calculations for optically thin media. When only the
angular fluxes leaving and entering a media are
desired, the surface-integral approach may be advan-
tageous. The general criteria concerning numerical
solutions are the computer-memory requirements,
the computer time needed to calculate the matrix
elements, the computer time used to solve the system
of algebraic equations, and the rate of convergence
of the method.

The integrodifferential equation is based on a
local neutron balance, and leads to sparse matrices
whose elements are easily computed. Usually these
matrices are solved by an iterative procedure that
requires that only a small part of the matrix be stored
in central memory at a given time. On the other hand,
the integral equation is derived from a global neutron
balance in a given direction and therefore it is
strongly coupled. This coupling leads to full matrices
whose elements must be calculated by numerical
integration involving expensive evaluation of trans-
cendental functions; the algebraic system of equa-
tions must be solved globally and a complete matrix
must be kept in central memory. The surface-integral
method is based on the Placzek lemma,! which relates
the transport solution for a finite geometry problem
to that for an infinite medium; a numerical approxi-
mation of this equation in one-dimensional geom-
etries yields a system of algebraic equations for the
angular fluxes at the surfaces.

The integrodifferential and integral equation
methods can be compared for the degree of geo-
metrical detail that can be attained. General-purpose
production methods based on the integrodifferential
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form of the transport equation utilize either a geo-
metrical mesh or finite elements, and therefore any
configuration can be approximated, even though a
large number of zones are sometimes required to
achieve good geometrical modeling. On the other
hand, integral equation methods are inherently lim-
ited because they require a different specialized
subroutine for numerical integration in each con-
figuration; however, they do provide an exact geo-
metrical representation.

The integral equation methods offer an exact
treatment of the angular dependence, provided the
scattering anisotropy is low (isotropic or linearly
anisotropic), whereas the integrodifferential equation
methods require discretization of the angular variable.
This discretization results in a strong coupling be-
tween the spatial and the angular approximations
that can produce space-angular nuisances such as the
ray effect. Also, it should be emphasized that integro-
differential methods require calculation of angular
fluxes, whereas integral equation methods directly
produce scalar fluxes (which usually is all that is
needed). Consequently, smaller matrices are en-
countered for integral equation methods, which
explains why a relatively small effort has been spent
on the implementation of iterative solutions and
development of acceleration techniques for these
methods (see the Appendix).

With the integrodifferential and the surface-
integral approaches, it is possible to treat an arbitrary
degree of anisotropy of scattering by modifying the
collision term, without unduly complicating the
numerical solution. On the other hand, in the integral
formulation the number of equations to be solved
dramatically increases with the degree of anisotropy.

Nowadays the trend in the development of
general-purpose transport methods is to combine
the use of both the integrodifferential and integral
equations. In these methods, the spatial domain is
divided into subregions (usually homogeneous) that
are linked together by the angular flux at the inter-
faces, as calculated with the integral equation. In the
method of characteristics, for example, the integro-
differential equation is used to calculate the angular
flux within the region in terms of the incoming
angular fluxes, whereas in nodal methods the interior
flux is usually computed with the integral equation.
The advantages of such ‘“hybrid”” methods are two-
fold. First, since the integral equation is used to
calculate the angular fluxes exiting from a subregion,
neutron streaming is well approximated and this
allows for larger size subregions than in a typical
integrodifferential method calculation. Second, in
contrast with the full coupling of integral equation
methods, the interconnecting of subregions through
only their interface angular fluxes leads to sparse
matrices that are amenable to iterative solution.

In Secs. I.B. and 1.C, we introduce our notation,
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discuss the three forms of the transport equation,
and present some of the ideas behind the numerical
approximation techniques. The notation used in the
description of most of the methods is not that in the
original literature, but we believe this notation helps
to bring out the similarities between the different
methods that otherwise may be difficult to perceive.
The reader already familiar with the fundamentals
of transport theory and numerical approximations
can skip over the next two sections and use them
only as a reference for the basic equations and
notation.

Section II covers the numerical methods based
on the integrodifferential equation. We begin with
three procedures, the singular eigenfunction method
and the spherical-harmonics and analytic discrete
ordinates approximations, used to obtain accurate
solutions to benchmark problems in one-dimensional
geometries. The latter two procedures are shown to
be approximations to the formally exact singular
eigenfunction method. The remainder of Sec. II is
devoted to the methods used in general-purpose
computer codes. First we discuss discrete ordinates
methods: the well-known finite difference discrete
ordinates approach and the relatively new method
of characteristics. Then finite element methods are
presented for both the ordinary and the even-parity
form of the transport equation.

Integral equation methods are discussed in
Sec. III. After a comparative evaluation of the dis-
crete integral transport, collocation, and collision
probability methods, we focus on the latter, which
is the method most widely used in production codes.
We consider the case of isotropic scattering and
sources and describe the usual flat-flux approxima-
tion for the three one-dimensional and the two-
dimensional Cartesian geometries; then the more
general multifunction expansions are considered. The
extension to linearly anisotropic scattering in one-
dimensional geometries is then presented. We also
briefly study the integral transform and the spatial
spherical harmonics methods; these two methods are
closely related to the collision probability formalism
and have been used to obtain benchmark solutions to
idealized problems in simple geometries. Finally, two
nodal approaches are described in the last portion of
Sec. III: the interface current method and the more
recent transverse nodal method. Within the context
of the interface current technique, response and
transmission matrix methods are also briefly con-
sidered; all three techniques are currently used in
general-purpose production codes. The transverse
nodal approach also offers promise for use in pro-
duction calculations.

Section IV contains a discussion of the comple-
mentarity (Cy) and facile (Fy) methods, both of
which are based on the surface-integral form of the
transport equation. These methods are used for
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benchmark calculations in one-dimensional geom-
etries. General comments on all the methods based
on the three forms of the transport equation are
given in Sec. V.

In view of the extensive research on methods of
solution of the transport equation, it would be nearly
impossible to include a complete list of references;
fortunately, comprehensive lists of references are in
several conference proceedings®!® and books,!¢1°
which cover the material discussed here. We particu-
larly note the review articles by Froehlich?® and by
Lewis?! and a recent book by Duderstadt and Martin”
that is very thorough.

I.B. Three Forms of the Transport Equation

The expected steady-state monoenergetic distri-
bution of neutrons propagating through matter or

8Proc. Conf. New Developments in Reactor Mathematics
and Applications, Idaho Falls, Idaho, March 29-31, 1971,
CONF-710302, U.S. Atomic Energy Commission (1971).

°Proc. Sem. Numerical Reactor Calculations, Vienna,
January 17-21, 1972, International Atomic Energy Agency
(1972).

Yproc, Conf. Mathematical Models and Computational
Techniques for Analysis of Nuclear Systems, Ann Arbor,
Michigan, April 9-11, 1973, CONF-730414, U.S. Atomic En-
ergy Commission (1973).

Uproe. Conf. Computational Methods in Nuclear Engi-
neering, Charleston, South Carolina, April 15-17, 1975,
CONF-750413, U.S. Energy Research and Development Ad-
ministration (1975).

Y2Proc. IAEA Specialists Mtg. Methods of Neutron Trans-
port Theory in Reactor Calculations, Bologna, Italy, November
3-5,1975, CONF-751152, International Atomic Energy Agency
(1976).

BProc. National Topl. Mtg. ANS Mathematics and Com-
putation Division, Tucson, Arizona, March 28-30, 1977, pub-
lished in Nucl. Sci. Eng., 64,1-709 (1977).

¥proe. Topl Mtg. Computational Methods in Nuclear
Engineering, Williamsburg, Virginia, April 23-25, 1979, CONF-
790402, American Nuclear Society (1979).

Bproc. Int. Topl. Mtg. Advances in Mathematical Meth-
ods for the Solution of Nuclear Engineering Problems, Munich,
Germany, April 27-29, 1981, Kernforschungszentrum Karls-
ruhe (1981).

M. CLARK and K. F. HANSEN, Numerical Methods of
Reactor Analysis, Academic Press, Inc., New York (1964).

H. GREENSPAN, C. N. KELBER, and D. OKRENT,
Eds., Computing Methods in Reactor Physics, Gordon and
Breach, Science Publishers, Inc., New York (1968).

¥¥G. 1. BELL and S. GLASSTONE, Nuclear Reactor
Theory, Van Nostrand Reinhold Ltd., New York (1970).

). BUSSAC and P. REUSS, Trité de Neutronique,
Hermann, Paris (1978).

20R. FROEHLICH, “Current Problems in Multidimen-
sional Reactor Calculations,” Proc. Conf. Mathematics Models
and Computational Techniques for Analysis of Nuclear Sys-
tems, Ann Arbor, Michigan, April 9-11, 1973, CONF-730414,
Vol. II, p. VII-1, Atomic Energy Commission (1973).

2E, E. LEWIS, Nucl. Sci. Eng. 64,279 (1977).
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vacuum is described by the angular flux Y(r,),
which gives the neutron density at a point r in direc-
tion 2. We use the notation x = (r,§) to denote a
point in phase space. The angular flux depends on
the properties of the medium (characterized by
cross sections) and the distribution and intensities
of any external sources S(x). If one is interested in
only the distribution of neutrons within a given
region of space D, the sources exterior to the region
are usually replaced by boundary conditions that
specify the incoming angular flux ¢_(x).

In the following, we denote by X the five-dimen-
sional phase space X = {x =(r,Q);r €D, Q € J,}
where o, is the set of directions on the 4 unit
sphere. That is, X contains all phase points x = (r,§2)
where r is a point within domain D and § is the unit
vector in the neutron direction. Likewise, designating
by n(r) the outward normal at a point r on the
boundary oD, we denote by 9X, = {x; r € oD,
1 -n > 0} the set of trajectories leaving (+) or enter-
ing (-) the domain D. In general, we use the symbols
+ and - to denote quantities associated with outgoing
and incoming directions; for example, x. = (r, )
represents a point on the boundary with an outgoing/
incoming direction.

For conciseness, all integrals are understood to
be over the entire domain of the variable unless
otherwise indicated. Also, the arguments of the
functions are stated the first time they appear, and
omitted thereafter unless confusion could arise.

[.B.1. Integrodifferential Form

The stationary, monoenergetic transport of neu-
trons in a domain D with boundary aD is given by

By=8, inX,
y=y_, onadX_. 1)
The transport operator
B=L-H 2)
is composed of the spatial differential operator
L=Q-V+Z(r) ,

which accounts for neutron streaming in direction §2,
and of the angular integral operator

HY = [ 20,9 > QU(r,Q)dQ"

which gives the distribution of neutrons appearing
after a collision. The total macroscopic cross section
% and the transfer cross section X, characterize the
interactions of neutrons with the medium.

Here we consider only media whose properties
are invariant under rotation. For these isotropic
media the transfer cross section depends on ' and
only through their product Q'-§; therefore, =, can
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be expanded on the set of Legendre polynomials
PUQ"-Q),

Z(r,Q Q)= (4m1 2 ZH(DP(RQ) . (3)

k>0

In practice, one uses for Z; a finite expansion extend-
ing from 0 to K, where K is the degree of anisotropy
of the scattering kernel. It is customary to factorize
the scattering coefficients as

Lo = (2k + DZcfy

where £ and c(r) correspond to the probability of
interaction per unit distance and to the mean number
of secondaries following an interaction, respectively.
The coefficient fi(r) is the k’th Legendre component
of the scattering frequency Z;/cZ; in particular,
fo =1 and f, is the mean cosine i of the scattering
angle.

Because Z; is rotationally invariant, the collision
operator H is also invariant under rotations and may
be decomposed as

H=7Y, Qk+1)"'Zq0 . 4)
k>0

Here Qy is the orthogonal projection operator on the
invariant subspace &, which is spanned by the set
of spherical harmonics {Y,i; 1| <k},

0= T YA [ 1Y@y 8)dQ . (5)
1<k

This operator satisfies the orthogonality and com-
pleteness properties

Q101 = 810k
and
20 Ok=1 . (6)
k>0

A particular case of later interest to us is that of
plane geometry with azimuthally independent sources
and boundary conditions; here the angular flux
depends only on the spatial variable z and the cosine
of the polar angle u, so the collision operator H can
be written as

HY = 2(c/2) 25 2k + 1) fiPlu)

k=0
X [ P0Gz

Then, with z measured in units of mean-free-paths,
the transport equation takes the well-known form

(k0 + DY(z,p) = ZHY +S(z,u) . @)

Now we consider the interface and boundary
conditions. Since the cross sections are bounded, the
angular flux within the medium must be continuous
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at any point at which there are no localized sources.
For a surface source on a surface I', integration of
transport Eq. (1) yields the jump condition

W) =S(r,)/Qn , TET , (®

where the brackets denote the value of the discon-
tinuity of the angular flux Y(r,f) in the direction n,
and S; is the magnitude of the surface source.

The angular flux ¢_ entering the boundary oD
can be decomposed as

V=Yt )

where , is the inhomogeneous component and Y, is
the homogeneous part, which we assume has the
form??

U =B = [ BOs>x)pehdxt . (10)
Here x_ = (r,) € 0X_ and x; = (r',Q') € 08X, are
points in phase space with spatial coordinates r and r'
on the boundary aD, and § is an incoming direction
while ' is an outgoing one. The four-dimensional
area element dx, is the differential surface element
dA'd§' involving the element of surface areadA’ on
aD. Depending on the kernel B(x; = x.), a variety of
boundary conditions can be represented, including
reflection, translation, and periodic conditions. In
practical calculations, the local reflection conditions
often take the form

BT YR -m)s4(r' —1) |

isotropic ,
Blxs > x.) =
B(r)6 (' -Qr)S4(r' —r) , specular ,
1n
where
B(r) = local albedo

64 = delta function that reduces a volume
integral to an integral over the two-
dimensional surface 8D

52(9"0)=(27r)'15(ﬂ"9 - 1), i.e., the Placzek
delta function?!

Qr=Q - 2(Q-n)n.

A boundary condition that is often used in reac-
tor cell calculations is that of uniform isotropic
reflection (i.e., the ‘“white’” boundary condition), for
which

B(xi~>x)=B(rAY(Q n) . (12)

2R SANCHEZ, “Schemas Approchés de Résolution de
’Equation Intégrale du Transport a Deux Dimensions. Etude
Théorique des Méthodes Mixtes de Résolution,” CEA-N-2166,
Commissariat 2 I’Energie Atomique (1980).
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Here the albedo B is the fraction of neutrons re-
entering the body uniformly and isotropically, and
A is the area of the surface 8D. In this case, the
reflected flux given by Eq. (10) can be written (in
the usual notation) as

ur @ =gyt faa [ @ -myer.a)en,

where the integral over d Q' is taken only for the out-
going directions (§'-n) > 0.

I.B.2. Integral Form

The integral equation is derived by integrating
along the characteristics of the differential operator!
(i.e., the neutron streaming trajectories) and can be
written as

y=T(@+S5) ,
where the integral operator T,

(13)

Tf= ft(x' - x)f(x"Hdx'

=ff 1R > Q) f(r Qdrd
D Jaxn

is the inverse of the differential operator L. The
kernel ¢ is the uncollided neutron angular flux at
x = (r,) due to a localized source at x' = (r',Q"),
i.e., the uncollided angular flux at (r,) produced
by a unit source at r' in direction §'. Formally, this
kernel is the Green’s function solution of

Lt=8(x"-x), inX,
t=0 , on 0X_ ,
where §(x' —x)=8(r' —r)8,(§'-§). In Eq. (13),

(14)

g=HY+S= [ T,0.0' > Qu(r,0)dQ’ + S(r.0)
(15)

is the volumetric angular emission density, and the
surface source S- accounts for the boundary contri-
butions,

S_=-(Q-my_o.(x) .

Here we introduce the special delta functions
Jrossax = [ roeodz.

When the domain D is convex, the uncollided
angular flux also may be written as*

(16)

(' > x) = (R0 55 8485°Q) .

(17)

In this expression, s = r — r', § is the unit vector s/s,
and 7(r’,r) is the optical distance from r’ to r:

§
r=f0 S(r' +1Q)dt
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Physically, the first factor in Eq. (17) indicates that
only particles emitted in direction §, are followed,
the second factor gives the geometric and material
attenuation of the angular flux between r’ and r, and
the third factor selects the appropriate direction §.
With the aid of Eq. (17), the integral equation yields
the well-known form

v = fos”q(r—ssz,me-fds+w_(rb,sz)e-f- . (18)

where 7 = 7(r — s,r), rp is the point on the surface
oD defined by r, = r — 5,8, with s, = 0, and 7_ =
7(rp,r) is the optical distance from r, to r.

An equivalent way of constructing the integral
form of the transport equation is to include the
homogeneous component of boundary condition (9)
in the Green’s function. The new form of the integral
equation is

y=T(qg+S), (19)
where the kernel of the integral operator T satisfies
Lt=86(x-x"), inX,
r=pt , on 9X_ .

The surface source S; is given by Eq. (16) except that
the surface contribution {_ in that equation is re-
placed by only the inhomogeneous part ¢,

In the case of white boundary condition (12), one
can obtain a useful relation between Green’s func-
tions f and £, namely??

H(x'=>x)=t(x'=>x)+ (@A) exp[—7.(x")]
X [B/(1 — BPss)] exp[-T(x)] . (20)

Here 7.(x) denotes the optical distance in direction
+Q from point r to the surface 8D, and Pgg is the
probability that neutrons, entering the body uni-
formly and isotropically, will escape without under-
going a collision:

Pss=@AY" [ (@-m expl-r(x)ldx, . (21)
In Eq. (20), the factor (rA)? exp[-7_(x)] represents
the uncollided angular flux at x produced by one
neutron entering uniformly and isotropically the
body, and the factor exp[-7,(x")] is the uncollided
escape probability from a source 8(x —x').

I.B.3. Surface-Integral Form

The steady-state neutron distribution within a
body is uniquely defined by the incoming angular
flux and by the internal sources.* This fact is used to
derive the third form of the transport equation by
relating (via Placzek’s lemma) the flux within a
homogeneous body to that in an infinite body.

Let us now assume a body D with boundary oD
to be homogeneous and surrounded by vacuum and
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let ¥ be the angular flux produced by all internal
and external sources. Now suppose that the same
homogeneous material fills all space, that the sources
outside 0D are suppressed, and that the artificial
surface source

Sp=—~(Q-n)y fw 8(r' —r)dA’

is added. (The integral on the right side amounts to
a delta function, which will reduce a volume integral
into an integral over surface aD.) For & -n < 0, the
source Sp reproduces the incoming angular flux of
the original problem, while for §-n > 0 it equals the
negative of the outgoing flux. When added to the
outgoing angular flux, the net effect of the negative
part of the surface source is to cancel out all neutrons
leaving the system.

Since there are effectively no neutrons outside
the original domain D, the angular flux solution (the
one that vanishes at infinity) of the postulated
infinite medium problem equals, within D, the solu-
tion ¢y of the original problem. This allows us to
express the desired solution { in terms of the infinite-
medium Green’s function

U =TS +S,) = jXrB(x'ﬂ)

X [S(x")y +Sp(xN1dx" , inX . (22)

The integral operator Tp is the inverse of the trans-
port operator B of Eq. (2); the kernel of Ty is the
infinite medium Green’s function satisfying the
equation

Btg=8(x—-x") , allx

tg bounded at oo

This Green’s function #g(x’ — x) is the total angular
flux at x = (r,Q) produced by a neutron emitted at
x'=.Q.

The final form of the surface-integral transport
equation follows by specializing Eq. (22) to the
points on the surface aD:

Y= fX tp(x' = x)S(x")dx'

- LX tp(x' = x) (' -n')Y(x")dx' , on dX .

(23)

The second term in this equation, which is an integral
on the boundary 8D and in all directions, arises from
the artificial surface source Sp. Once fg is known,
such a transport equation allows calculation of the
angular flux on the surface of a medium without
knowledge of the flux inside. For one-dimensional
geometries, this infinite-medium Green’s function
can be computed in a straightforward manner.
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I.C. Numerical Approximation Techniques

Any numerical approximation of the transport
equation is the result of some discretization proce-
dure such that

1. the angular flux function is replaced by a finite
set of N values

2. the transport equation is replaced by a set of
approximate algebraic equations for calculation
of these values.

The technique used to derive this approximation may
be based on a direct discretization of the transport
operator, or on an expansion of the angular flux in
terms of a finite set of functions, or on a combination
of the two.

One of the desirable properties of a good numer-
ical technique is that the approximate angular flux
will “converge,” with increasing values of N, to the
true flux. Although convergence assures that the
approximate solution for the angular flux ultimately
will be everywhere positive and that local neutron
balance will be preserved, it is highly desirable that
these two properties hold even for small V.

By local neutron balance we mean the usual
conservation equation satisfied by the total flux ¢
and the net current J. This equation is obtained by
direct integration of the transport equation over all
directions,

v-J=5-2,¢0, (24)

where S; is the angle-integrated (total) source and
X, is the absorption cross section.

1.C.1. Expansion Methods

The three forms of the transport equation may be
written formally as

My=S, inX,

where M represents an operator acting on some
space E of regular functions defined on domain X,
and S is the source term. A numerical solution of
this equation is equivalent to solving an approximate
equation of the type?3-24

My=S, inX,
in some finite N-dimensional space Ep, which is

usually a subspace of E. This approximate solution
Y may be written as

1. V. KANTOROVICH and G. P. AKILOV, Functional
Analysis in Normed Spaces, Pergamon Publishing Corporation,
Oxford (1964).

M. A. KRASNOSEL’SKII, G. M. VAINIKKO, P. P.
ZABREIKO, Ya.B. RUTITSKII, and V.Ya. STETSENKO,
Approximate Solutions of Operator Equations, Wolters-
Noordhoff, Groningen (1972).
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(25)

where the {f,, n =1 to N} is a set of linearly indepen-
dent functions spanning Ey. The determination of the
expansion coefficients ,, is done in such a way as to
minimize the residual ¢ obtained by substituting the
approximate solution in the exact equation

e=M$—S.

The nature of the expansion method depends
on how this minimization is done. The collocation
method consists of choosing NV points {x, € X,n =1
to N} and requiring that the residual identically
vanish at these points. This results in the following
set of algebraic equations for the evaluation of the
expansion coefficients ¥,

N
Z;Mnmwm=sn , n=1toN, (26)

m=1
where
Mum = Mfm)(xn)

and ‘
S, =8(x,) .

This system of equations will give a solution if the
collocation points x, are selected so that the matrix
of elements M,,, is not singular.

The projection technique, another scheme for
constructing approximate equations, relies on the
existence of a scalar product in space E of the form

(f,g)=ffgdx , [Lg€E .

In this technique, an N-dimensional subspace Fj,, C E
is selected, and the approximate equations are ob-
tained by forcing to zero the projection of the resid-
ual onto Fy. If P denotes the orthogonal projection
operator P:E — Fy, then the approximate equations
are given by

PMy =PS . (27

In practice, the operator P can be constructed
using a set {¢,, # = 1 to N} of orthonormal basis
functions in Fy. For an arbitrary function f, the
action of the projection operator P on f is given by

N
Pr=33 Gnf)Sn -

n=1
With the aid of this expression, and the fact that the
¢, are linearly independent, substitution of expan-
sion (25) into Eq. (27) yields a set of equations of
the form of Eq. (26) for the expansion coefficients
Yy

The approximation obtained with the projection
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technique is generally called the weighted residual
approximation. The particular case of interest here,
called the Galerkin-Petrov method,?* results from the
choice F = Ey, for which

Mum = (fn, M)

and
Sp = ([n,S)

in Eq. (26). Hereafter, this approximation is simply
referred to as the projection method.

[.C.2. Quadrature Method

To complete this discussion, we need to consider
the numerical methods obtained from the use of a
quadrature formula of the form

N
[ rndr~ 33 Vst (28)
n=1

where the {r,, V,, n = 1 to N} are, respectively, the
nodes and positive weights of the integration formula.
Use of this formula for a constant function shows
that the sum of the V,, yields the total volume V, so
the weights V, may be interpreted as the volumes
associated with the nodes.

Such a quadrature formula can be used, for
example, to obtain a numerical approximation for an
integral equation

$=Gop+S§ , (29)

with integral operator G. After use of the quadrature
formula to evaluate G¢, and after specialization of
the resulting equation to the nodes r,, one obtains?

N
¢n=2 8rm =>r)Vimom +S, , n=1toN , (30)

m=1

where g(r' = r) is the kernel of the operator G and
S, = 8(r,). This system of equations gives the approxi-
mate values ¢, = ¢(r,) of the unknown function ¢ at
the nodes of integration. Equation (30) also can be
viewed as the result of using the “‘expansion”

N
o(r) =D ¢nVub(r—ry)

n=1

in the collocation method with collocation points
{ral.

Whenever the kernel g(r' = r) is singular the
g(r, = r,) are not defined. However, when this kernel
is integrable, one way of circumventing this difficulty
is to rewrite Eq. (29) in the form

251, M. DELVES and J. WALSH, Eds., Numerical Solu-
tions of Integral Equations, Clarendon Press, Oxford (1974).
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(1-Gh¢ =fg(r' >r)[e(r') - o(nldr' +S , (31)
provided that the integral

61N = [g(r' > rar'

can be obtained analytically. Then the previous pro-
cedure yields

N
[1-(GD(r)]¢n= E &l = 1) Vin(dm — dn) + Sy

m=1
m+n

n=1toN .

II. INTEGRODIFFERENTIAL EQUATION METHODS

In this section, we consider five well-known
methods for solving the integrodifferential transport
equation. In the first, the singular eigenfunction
method, the angular flux is calculated in terms of
solutions of the homogeneous transport equation.
For plane geometry, these solutions are obtained by
separating the spatial and angular variables with the
substitution ¢,(u) exp(-z/v); this results in a homo-
geneous Fredholm integral equation of the second
kind for ¢,(u). The novelty of the method is that
a complete set of eigenfunctions can be obtained by
including solutions that correspond to the continuous
spectrum of the operator.

The common feature of the spherical harmonics
and the discrete ordinates methods is that an approxi-
mation is used to eliminate the integral term of the
transport operator. This results in a set of differential
equations that are handled by classical numerical
techniques?$>?” or, in plane geometry, by analytical
methods. In the spherical harmonics method, the
integral term is treated by expanding the flux in
terms of eigenfunctions of the integral operator, i.e.,
the spherical harmonics. After truncation of the
expansion, this approximation yields a set of coupled
ordinary differential equations for the expansion
coefficients.

In the discrete ordinates approximation, a nu-
merical quadrature in the angular variable is used to
simplify the integral term of the transport equation.
This results in a set of coupled ordinary differential

2H. G. KAPER and G. K. LEAF, “A Survey of Approxi-
mation Procedures for the Numerical Solution of the Neutron
Transport Equation,” ANL-7779, Argonne National Labora-
tory (1971).

27K. D. LATHROP, “Transport Theory Numerical Meth-
ods,” Proc. Conf. Mathematics Models and Computational
Techniques for Analysis of Nuclear Systems, Ann Arbor,
Michigan, April 9-11, 1973, CONF-730414, Vol. 1, p. I-1,
Atomic Energy Commission (1973).
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equations for the angular fluxes in the directions
specified by the quadrature formula; these equations
are solved by a finite difference technique (the most
widely used integrodifferential method) or by the
method of characteristics. In both cases, the domain
is decomposed into homogeneous cells within a
geometrical mesh and a conservation equation is used
to relate the fluxes within a cell. In the finite differ-
ence approach, the conservation relation is supple-
mented with auxiliary relations (such as the diamond
difference approximation). In the method of charac-
teristics, on the other hand, an integration along
neutron trajectories is used to relate outgoing and
incoming angular fluxes for a cell.

The finite element method has been adapted, in
the last decade, from other fields of engineering to
treat the angular and/or spatial variable in neutron
transport problems. This method can be viewed as a
projection technique in which the flux is expanded
locally on piecewise polynomials.

11 A. Singular Eigenfunction Expansions

The singular eigenfunction expansion method is
a formally exact technique for solving the integro-
differential transport equation. The primary useful-
ness of the method is in the understanding of the
mathematical structure of the equation and the
general behavior of its solutions. The method is
closely related to the Wiener-Hopf,>?® resolvent in-
tegration,?%:3% and transmission matrix methods.31733

Our interest here in the singular eigenfunction
method is only to show how the method is related
to other numerical methods, although in fact this
formally exact method has been used for benchmark
calculations that require the numerical evaluation of
Cauchy principal-value integrals.

The method is modeled after the Fourier ap-
proach to partial differential equations: the solution
of the transport equation in each homogeneous
region of the medium is written as the sum of a
particular solution and a linear combination of
solutions of the homogeneous transport operator.*34

M. M. R. WILLIAMS, Advances in Nuclear Science
and Technology, Vol. 7, p. 283, E. J. HENLEY and J.
LEWINS, Eds., Academic Press Inc., New York (1973).

E. W. LARSEN and G. J. HABETLER, Comm. Pure
Appl. Math., 26,525 (1973).

3W. GREENBERG and P. F. ZWEIFEL, Transp. Th. Stat.
Phys., 5,219 (1976).

3IR. ARONSON, Nucl. Sci. Eng., 27,271 (1967).

3R. ARONSON, Transp. Theory Stat. Phys., 1, 209
(1971).

3G. CAROLL and R. ARONSON, Nucl. Sci. Eng., 51,
166 (1973).

N. J. McCORMICK and 1. KUSCER, Advances in Nu-
clear Science and Technology, Vol. 7, p. 181, E. J. HENLEY
and J. LEWINS, Eds., Academic Press Inc., New York (1973).
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The homogeneous part of the solution is selected so
that the interface and external boundary conditions
are satisfied. A key step in the procedure is the
construction of a complete set of solutions of the
homogeneous transport equation. In fact, this prob-
lem is so difficult that only in simple one-dimensional
geometries has the technique been used for numerical
calculations.

The essence of the method can be understood
by considering the case of plane geometry given
by Eq. (7). In this geometry, the spatial and an-
gular variables may be separated with the ansarz
¢,(u) exp(—z/v). The result is

v -wao,=(cv/2)g,u) , (32)
where
gw,u) = (2/)= He, = 7 (2k + 1) frg(0)Pln) .
k>0
(33)

The g, (v) is the k’th Legendre component of ¢, i.e.,

1
&) = [ Pws,wdp . (34)

The formal solution of Eq. (32) may be written as

1 4
V- U

c
¢ =5 gw,u) +A@)8(v — ) (35)
where, when performing integrals over v or u, the
integral of the first term is to be interpreted as a
Cauchy principal value integral.?536 Since Eq. (32) is
homogeneous in ¢,, we can select the normalization

condition

1
[ owdu=gd=1 . (36)
The remaining g,(v) are calculated by multiplying
Eq. (32) by Pi(u) and integrating over -1 < u << 1.
This gives the recursion relation

(k + l)gk+1(V) - thgk(V) + kgk_l(”) =0
with the coefficients
hy=QRk+ 11 ~cf) .

As a consequence of the normalization condition and
the recursion relation, the g (v) are polynomials of
order k, alternatively even and odd; in particular, this
implies that g(-v,—u) = g(v,u). For a purely absorbing
medium (¢ = 0), the g;(v) reduce to the Legendre
polynomials. A compact expression for the gi(v) is

37

35F. D. GAKHOV, Boundary Value Problems, Pergamon
Press, Oxford (1966).

*B. W. ROOS, Analytic Functions and Distributions in
Physics and Engineering, John Wiley & Sons Inc., New York
(1969).
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given by the determinant3’

hy 1 0 0

1 I hw 2 0
=3 Dr| 0 2 hw 3 ,
0 0 0 0 kg
k=0 . (38)

The values v for which Eq. (35) is a valid solution
of the transport equation are fixed by the normaliza-
tion condition. From Eqgs. (35) and (36), we obtain
a continuous spectrum [—1,1] and a set of discrete
eigenvalues. These eigenvalues are the roots of the
function

lg(v,u)du

ey (39)

A@)=1-5v
This function is analytic in the complex plane with
the cut [-1,1]; also, observe that the integral over u
of [gw,u) — g(u,w)1/(v — u) vanishes, so that g(v,u)
in the last equation may be replaced by g(u,u).

The discrete eigenvalues are paired, and will be
denoted as v, tv; , ..., tvy, with |vy| > vy | > .. ..
When ¢ = 1, the eigenvalues v, > oo; this degeneracy
and the complications that arise when there are
eigenvalues imbedded in the continuum [-1,1] are
discussed elsewhere.*3* For v; € [-1,1], the Dirac
delta term in Eq. (35) makes no contribution and
therefore the eigenfunctions associated with the
discrete spectrum are well-behaved functions. The
eigensolutions ¢t,,0(u)exp($z/vo) characterize the be-
havior of the flux far from interfaces and localized
sources. For ¢ < 1, the eigenvalues are real and v,
is the “‘transport-corrected” diffusion length which
reduces for ¢ > 1 to the customary diffusion length
(hoh )%, when ¢ > 1, pq is purely imaginary and
[vo!™® represents the material buckling of the multi-
plying medium.?3*

Besides the discrete eigenvalues, there is a con-
tinuous spectrum -1 < v < 1; to every value of v
there corresponds a singular eigenfunction given by
Eq. (35). In this case, the normalization condition
provides the value of A(v) as the average of the
analytical continuations of A(v) as the cut [-1,1]
is approached from above and below.%34

The set of eigenfunctions can be used to expand
a broad class of functions of u over the interval
[-1,1]; the class of admissible functions for which
completeness can be shown includes even 6(u — ug)
(Ref. 4). The eigenfunctions obey an orthogonality
relation of the form

(¢va¢u') = S(V - V')N(V) s (40)

3%E, INONU, J. Math. Phys., 11, 568 (1970).
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where the inner product is

1
(£ = [ fwe@ndy D)

and where the Dirac delta must be viewed as a
Kronecker delta if one or both of the eigenvalues are
discrete. The normalization function N(v) is*3*

N) = V{)\z(v) + [% ﬂcvg(v,v)]z} , -1<v<1

= % cv’g(v,v)dA(z)/dz

= +yp.
v —V] .

Z=vp ’

The solution of the transport equation follows by
expanding the angular flux in terms of the eigen-
functions as

Wz = [ ARG, exp(-z/p)dy+ Yyz.p) . (42)

Here xpp(z,u) is the particular solution that accounts
for the effects of a spatially distributed source. The
integral over the entire spectrum o is equal to an
integral on [-1,1] plus a sum of the contributions
from the points *y;. The coefficients A(v) of the
expansion are calculated by applying orthogonality
relations. For example, if the flux is known for
-1 < u < 1 at a particular z within a homogeneous
medium, then from Eqgs. (40) and (42) we have

AW@IN@) exp(-z/v) = (¢, ¥ —~¥p) , V€O . (43)

For realistic problems, one has to use more
complicated orthogonality relations. The half-range
biorthogonality relation over 0 < u < 1 is applied
when the incoming angular flux is known (as in the
case of a vacuum boundary).3* To treat full-range
interface conditions between different media, orthog-
onality relation (40) must be supplemented with
full-range equations involving eigenfunctions of both
media.34’38’39

II.B. Spherical Harmonics Method

The idea behind this method is to separate the
spatial and angular dependence of the flux by ex-
panding the solution of the transport equation in
terms of a complete set of angular basis functions
(the spherical harmonics {Y,lc}) (Refs. 3, 40, 41, and

3N. J. McCORMICK, Nucl. Sci. Eng., 37, 243 (1969).

39G. W. ECCLESTON and N. J. McCORMICK, J. Nucl.
Energy, 24,23 (1970).

40W. KOFINK, Nucl. Sci. Eng., 6,475 (1959).

4IE. M. GELBARD, “Spherical Harmonics Methods: Py,
and Double-P;, Approximations,” Computing Methods in Re-
actor Physics, p. 267, H. GREENSPAN, C. N. KELBER, and
D. OKRENT, Eds., Gordon and Breach, Science Publishers
Ltd., New York (1968).
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42). The resulting set of equations separates into an
infinite set of coupled differential equations; in
practice, approximate solutions are constructed by
considering expansions on a finite subset of spherical
harmonics. Within the context of approximation
theory discussed in Sec. I.C, the spherical harmonics
(SH) approximation of order N can be viewed as the
projection method of Eq. (27) obtained with the
subspace €y of functions spanned by XY,IC; I <k,
k< N}.

The SH method may be written in operator
notation as

PBYy =PS . (44)

Here Y € &y and P is the orthogonal projection on
& y given by

P=73 0,

k<N

where (Qj is given in Eq. (5). Equation (44) is a
system of linear, coupled, first-order differential
equations for the expansion coefficients \lx,lc(r) of the
approximate solution . These equations can be
solved numerically by a finite difference approxima-
tion*1:43 or by the finite element method.*

In plane geometry, the only case we shall exam-
ine, the equations are amenable to analytical solution
and the SH method becomes the Legendre poly-
nomial or Py method. As might be expected, this
solution is closely related to that of the singular
eigenfunction expansion method. For the sake of
simplicity, we consider only the case of azimuthal
symmetry, for which the angular flux depends only
on z and u. Then the approximate solution on €y
may be written as

: +
vew =3 EEDy oypw

k<N

(45)

and the projection P reduces to
— 2 ! ! ! !
V=T 3wt b R CA7EN st

Using these results, and the recursion relation for
Legendre polynomials, Eq. (44) yields the Py system
of first-order differential equations

By =§ . (46)

Here Y(z) = (y,)) is the vector of N + 1 components
Vu(2),n =0 to N, S(z) =(S,), and B = (B,,) is a

“W. KOFINK, Developments in Transport Theory,
p. 149, E. INONU and P. F. ZWEIFEL, Eds., Academic Press
Inc., New York (1967).

B, SIGG, Nucl. Sci. Eng., §7,277 (1975).

%“R. N. BLOMQUIST and E. E. LEWIS, Nucl. Sci. Eng.,
73,125 (1980).

symmetric tridiagonal matrix operator with nonzero
elements

Bun=hy=2n+ (1 —cfn)
and
Bppey=m+1)0; .

The solution of the system of Egs. (46) can be
written as a particular solution y, plus a homo-
geneous solution. The latter is a linear combination
of the N + 1 linearly independent solutions of the
homogeneous matrix equation

By=0 . CY))

A solution of this equation is derived in the standard
way; we substitute g(»)exp(-z/v) and obtain the
equation

B(»)g(r)=0 , (48)

where B(v) is the matrix obtained from B by re-
placing 9, with —1/v. The condition for a nontrivial
solution of this equation is that v be a root of the
characteristic equation |B(v)| = 0. Comparison of this
determinant with that of Eq. (38) shows that

B) = v VDN + 1)lgy,, () , (49)

which implies that the characteristic roots of Eq. (48)
are the nonzero solutions of

v =0 . (50)

For N even, the odd polynomial gy, (») has a
root v = 0 and therefore Eq. (47) has only N linearly
independent solutions. This is one indication that the
Py+y method for odd N may give inferior results to
those obtained from the (odd-order) Py approxima-
tion, and indeed this has generally been observed in
Py calculations; hence we consider only odd N
approximations.

For odd N, the even polynomial g,,,(v) has
(N + 1)/2 pairs of roots denoted as ty;, j =0 to
(N - 1)/2, where {pgl > [vq] > |v,l, etc. Fore < 1,
all these zeros are real and finite, while for ¢ = 1 the
values of #v, coalesce at infinity. When ¢ > 1, the
root v, is imaginary and vyl again represents the
material buckling of the multiplying medium. >34

To calculate the eigenvectors g(v;) = [g,(¥;)], we
adopt the normalization condition ge(»;) = 1. Then,
comparison of Eq. (48) with recursion relation (37)
shows that g,(»;) is the value of the g,(») polynomial
at v = y;. (This explains the notation selected for g.)

Finally, the general solution to Eq. (46) may be
written as

V(@)= [ AWEE) exp-zdv +¥,(2)
N

where the integral over o) denotes the sum over the
set o = {y;, j = 0 to (N ~ 1)/2} and the A(v) are
the expansion coefficients. Use of this result in
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Eq. (45) leads to the Py solution to the transport
equation

Ve = [ A0S W exp(-zfp)dy + Yy z,p) .
oN
(51)

Here we have defined ¢{,V(u) as the Legendre expan-
sion of order NV,

N _ 2n+1
¢p(ﬂ)_2 2

n<nN

gn(v)Pn(p') ’ Ve ON ’ (52)

which implies that

1
)= [ Piwoluwdn , vEoy .

The similarity between the singular eigenfunction
expansion (42) and the Py expansion (51) is not
surprising. For sufficiently large N, the first few pairs
tvy, ..., ¥y in oy approximate the discrete eigen-
values from Eq. (39), while the remaining pairs are
in the interval [-1,1}. As N increases, the pairs
ty. j > J, fill this interval even more densely until,
in the limit, the whole interval [—1,1] is reproduced
so that oy > 0.

In the sense of this limit, let vy = i for vy € oy;
then Egs. (34) and (52) show that ¢,, converges to
¢, (in the L, norm) as*s

1
[ 160, - o7 au—0 .

It should be pointed out that in the classical
introduction to the Py method3* the Py equations
are obtained by expanding Y(z,u) in terms of
Legendre polynomials [as in Eq. (45) with N — oo],
Then, an infinite set of coupled differential equations
for the ,(z) is obtained by multiplying the transport
equation by P,(u) and integrating over (—1,1); the
set is truncated with the condition

dyn.,(2)/dz=0

to recover Eq. (46).

We now examine two variations of the spherical-
harmonics approximation in plane geometry, the
“asymptotic Py’ and the ‘“‘double Py methods.
The essential feature of the asymptotic Py method,
abbreviated as 4Py, is to ensure that the asymptotic
eigenvalues *p, equal those from the singular eigen-
function method (which can be viewed as a P
method). In one variation of the 4Py method, the
exact vy is obtained directly as the largest root of
A(v) in Eq. (39), while the remaining eigenvalues

(53)

“T. F. NONNENMACHER, Developments in Trans-
port Theory, p. 343, E. INONU and P. F. ZWEIFEL, Eds.,
Academic Press Inc., New York (1967).

SANCHEZ and McCORMICK

v;, j = 1, are obtained as the nonasymptotic values
f/rom Eq. (50) (Ref. 46). In an earlier approach to the
APy method, however, the entire set of eigenvalues
were obtained from the determinant*7-48

hoV 1 0

I Ap 2 0

0 2 hwy 3 O . 0 =0,
0 0 0 0 [N+W+Dayl hw

rather than from Eq. (50). The largest root v, coin-
cides with the exact one with the selection of the
ay such that ay = gy,,(»)/gy_;(); such an ay corre-
sponds to a truncation condition of

lpN+1(Z) = aN\//N-l(Z) 5

rather than Eq. (53).

For locations far from interfaces and localized
sources, where the flux is nearly asymptotic, the
APy method is superior to the corresponding Py
approximations; however, the APy method gives
worse results when the flux is far from asymptotic.

The essential idea of the double Py{DPy) method,
sometimes referred to as Yvon’s method, is to use a
separate Legendre polynomial expansion over each
half range of u (Refs. 3, 4, and 6). Near strong dis-
continuities in the material properties, this repre-
sentation allows one to account for a possible
discontinuity at ¢ = 0 in the angular flux. Even with
a few terms in the approximation, such an expansion
generally provides a good fit to a rapidly varying
angular flux.

The DPy equations are obtained by applying the
projection technique on the space of functions
spanned by {P,(n), n <N}, for

P(2u*1) , p=0,

Pp(p) =
0,
The corresponding expansion for the angular flux is®

W(z.w) = 25 Qn+ DY P) + Y (D P(w)] .

n<N
Then Eq. (44) yields 2(N + 1) coupled equations
instead of the (N + 1) equations in the normal Py

method. The equations for ¢ (z) and y,(z) are
coupled through the scattering term of the transport

otherwise .

“K. GANGULY and A. SENGUPTA, Nucl Sci. Eng.,
74,1 (1980).

41G. C. POMRANING, Nukleonik, 6, 348 (1964).

“G. C. POMRANING, Nucl. Sci. Eng., 22,328 (1965).
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equation, and therefore the solution of the DPy equa-
tions generally involves about the same amount of
work as for the P,y equations.

Let us now briefly consider the boundary con-
ditions to be used with these methods. A natural
set of boundary conditions, the so-called “moment
boundary conditions,” follows by projecting the
exact boundary conditions onto the set of Legendre
polynomials used in the expansion. By this procedure
the jump condition in Eq. (8) yields the (N + 1)
interface equations

Uz = ¥z = [ PwSGondn

n=0toN ,

for the Py and APy methods, where the Sg(u) ac-
counts for any localized source at z,. Similarly, the
moment conditions for an external boundary on the
left side z4 of the body are

1 1
[ Piwyomdu= [ Pw(zomdn |
0 0

n=1,3,...,N .

These boundary conditions also are known as the
Marshak conditions. The equation with » = 1 en-
sures, as in diffusion theory, continuity of the in-
coming neutron current; the choice of the remaining
(N - 1)/2 odd moments for the remaining conditions
admittedly is somewhat arbitrary.3

A second procedure for obtaining boundary con-
ditions for the Py methods is to precisely fit the
exact boundary conditions at the (N + 1) discrete
angles {*ug, k£ = 0 to (N — 1)/2}; for an external
surface, only half the directions are used, and the
corresponding discrete-angle equations are called the
Mark boundary conditions.3 The angles tuy, are paired
to ensure rotational invariance, and normally are
selected as roots of the equation Py, {(u) = 0.

It is generally believed that the use of the mo-
ment conditions will lead to better accuracy for the
solutions when N is low (perhaps N << 5 or 7, depend-
ing on ¢) and the discrete-angle conditions are prefer-
able when N is larger.® For weakly absorbing media,
however, the Marshak vacuum boundary conditions
actually provide more accuracy*' than the Mark
vacuum boundary conditions for 1 KN < 19,

At this point, a brief comparison of the ordinary,
asymptotic, and double Py methods is appropriate.
At an interface, the ordinary Py method is superior
to the APy approach, but inferior to the DPy; how-
ever, far from an interface, the Py is better than the
DPy and inferior to the APy. A detailed comparison
of the Py and DPy methods has been given by
Williams.® In general, the DPy and APy have not been
widely adopted; of the three variants of Py theory,
the ordinary Py method is the usual approach fol-
lowed for numerical calculations.
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1I.C. Discrete Ordinates Methods

In this method, a finite set of N angular directions
©,. and associated weights w, is used to define a
quadrature formula on the sphere ,. Using this
formula, the integral term of the transport equation
simplifies to a linear combination of the angular
fluxes ¢,,(r) = ¥(r,R,,). Then a set of N coupled
differential equations for the ,(r) is obtained by
specializing the transport equation to the set of
directions {§,,, m=1to N}.

The treatment of the spatial variable is based on
a decomposition of the domain into a set of cells
defined by a spatial mesh, For a given direction §,,,
the angular fluxes ¥,,(r) in a cell are described by a
finite number of values, such as cell- or side-averaged
fluxes. A cell-to-cell solution algorithm is character-
ized by

1.the formula used to calculate the emerging
angular fluxes in terms of the entering angular
fluxes and the volumetric source term

2. the formula used to update the source in terms
of the cell angular fluxes.

There are two general philosophies for con-
structing such an algorithm. In the finite difference
approximation, neutron balance over the cell con-
stitutes the basic relation connecting the cell- and
side-averaged fluxes; this equation must be supple-
mented with auxiliary relations, such as the diamond
difference approximation. In the method of charac-
teristics, the transport equation is integrated within
a cell, along a set of neutron trajectories (or “char-
acteristics™), to link the emerging angular fluxes to
the entering angular fluxes and internal sources; the
source term is obtained either by interpolation of
the cell angular fluxes or from neutron balance
arguments.

In the special case of plane geometry, there is
also the possibility of solving the discrete ordinates
equations in an analytical manner. Here we will first
consider this ‘‘analytic discrete ordinates”™*® (or
Wick-Chandrasekhar®) method and illustrate its
connection with the singular eigenfunction and Py
methods. We discuss the more general finite differ-
ence approach and the method of characteristics
afterwards.

I1.C.1. Analytic Discrete Ordinates

In plane geometry, let {u,,, Wy, m = 1to N} be
the set of directions and associated weights defining

49J. MENNING, J. HALIN, C. LEPORI, and W. HALG,
“Comparison of Analytical Sy and S, Calculations with the
Code ANISN,” Proc. IAEA Specialists Mtg. Methods of Neu-
tron Transport Theory in Reactor Calculations, Bologna, Italy,
November 3-5, 1975, CONF-751152, International Atomic
Energy Agency (1976).
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the quadrature formula. Then for any function f(u),
we write

1 N
[, a3 fumwn = [ S0,

where the last integral symbol denotes the sum over
the nodes in Sy = {u,, m = 1 to Ni. This formula is
now applied to the integral term in Eq. (7). Then the
corresponding set of N coupled differential equations
for the angular fluxes Y(z,u,,) can be written as

(ud; + D¥(z,0) =5 T3 2k + DS Py
k=0

X f Pz 1"y +S(z,)
Sy

LESYy . (59)

The solution of this system of equations is
decomposed, as usual, into a particular solution plus
a linear combination of homogeneous solutions. We
proceed to calculate the homogeneous solution of the
system of Egs. (54). For a given u € Sy, the corre-
sponding homogeneous equation can be viewed as
a linear differential equation for the angular flux
Y(z,u), with a normalization condition on the right
side. Thus, as in the singular eigenfunction method,
we seek a solution of the form (bf,v(u) exp(—z/v) and
obtain the corresponding Eq. (32) except that now
the g;(v) in Eq. (34) is replaced by

&)= [ CIAGE

If we assume that (v — u) is nonzero, then

Nepy=6_ ¥
¢V(#)_2V—[1

glv,u) , MESy .

Within the limitation that

2k+1
7~ Jo PUP(wdu =8y . kI<K , (59)
SN

where K is the order of the anisotropic scattering, the
calculation of the g;(v) is identical to that in the
singular eigenfunction method. Hence, if we again
select the normalization condition gy(v) = 1, then
g(v) is the value of the k’th g polynomial for the
eigenvalue v.

The admissible values of v are fixed by the
normalization condition, which can be written as

A(v)=0, (56)

where

g, mw)du

[ S (57)

A(v)=1—§v

Except for the trivial case of ¢ = 0, v = ,, is not a
root of Eq. (56) so we can multiply Eq. (57) by
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the product of factors (v — u,,), m = 1 to N, and
obtain a polynomial in v of order N, which yields
the set of N roots oy = {v,, n = 1 to N}. Then the
solution for the angular flux can be written as in
expansion (51). The coefficients of this expansion are
calculated using discrete-angle boundary conditions
at the set of directions Sy.

The quadrature formula should preserve all
possible rotational symmetries. In plane geometry
this implies that the u, must be symmetric about
zero and the weights for two symmetric values must
be identical. To avoid the ambiguities associated with
the plane geometry transport equation for u = 0, only
even N approximations are used in practice. Also, it

.is customary to use a Gauss-Legendre quadrature

formula because it provides the best integration for
polynomials.

To ensure that conditions (55) are satisfied, the
order N of the approximation must be greater than
the order K of the scattering law. Under these condi-
tions it is possible to show that the spectrum oy of
the analytic discrete ordinates method is identical
to the spectrum for the Py_; method. To prove this,
we begin by rewriting Eq. (57) as

AR)=1+cv Y] Qk+ 1D figw)q () ,

k=0

(58)

where we have used Eq. (33) and the definition

Pr()d
qk(y)z% LN_]C(M .

V-
The function g;(v) can be written as a polynomial in
v, of degree <(N - 1), divided by the product of the
N factors (u,, — v), m =1 to N. These functions obey
the recursion relation

(k + Dqg(v) — Ck + Dogqp(v) + kg (v) = 8y
k=0, (59)

where g_,(v) = 0. A more convenient form than
Eq. (58) can be derived by multiplying recursion
relation (37) by g,(v) and subtracting the result
from recursion relation (59) multiplied by py(u).
After summing over k from O to [, we obtain the
Christoffel-Darboux formula

AW) =1+ 1) [g(»)q14,() ~ 8., W) q, (],

valid for any / = K. .

The proof that the spectra are identical is based
on the use of this equation for / = N and on the
properties of the functions g;(v). We first observe
that g,(v) = 0 because the u, in the Sy Gauss-
Legendre quadrature set are the roots of Pp(u) = 0.
Also, for k = N, recursion relation (59) shows that
qn+,(v) is proportional to g_,(v). Repeated use of
this recursion relation for (N = 1), (N - 2),..., 1
demonstrates that q,(v) equals g, _,(v) times a poly-
nomial in v of degree (N — 1). Then, since the degree

(60)
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of the polynomial in the numerator of g,(v) is just
(N - 1), it follows that g, _,(») and g, ,(») are of the
form of a constant divided by the product of the
N factors (u,, — v), m = 1 to N. Finally, Eq. (60) for
[ =N can be written in the form

N
A@) = gy [ T (m —»)
m=1

whereupon Eq. (56) for the analytic discrete ordi-
nates method of order N is equivalent to the
corresponding spherical harmonics Eq. (50) for the
order (N — 1).

Both the Sy and the Py_, approximations give
the angular flux in the form of a linear combination
of exponentials exp(-z/v;) with the same arguments.
Consequently, the two methods yield the same
angular flux at the set of directions u € Sy provided
that the discrete-angle boundary conditions are used
in the Py_; calculation.

I1.C.2. Finite Difference Discrete Ordinates

The finite difference discrete ordinates approxi-
mation has been the subject of intense research,
and the results are well documented in numerous
reviews.%5% For this reason we will only illustrate the
basic features of the method in some simple cases.

The quadrature set {,,,wy,, m =1to N, N even}
must be selected so that it does not introduce an
undesired directional bias. This is normally achieved
by requiring that the set Sy = {Q,,, m =1 to N} be
invariant for the main symmetries of the geometry.
For example, in plane geometry where the orienta-
tion of the axis e, is arbitrary, one selects the direc-
tion cosines u, = §,,-e; such that Sy contains both
Mm and —pu,,; rotational invariance and reflection
arguments are invoked in more general geometries.°
The corresponding weights w,, must obey the same
symmetries and be positive; they may be selected by
preserving moment conditions involving the angular
integral or by associating an area on the unit sphere
about each §,,.

50C. E. LEE, “The Discrete S, Approximation to Trans-
port Theory,” LA-2595, Los Alamos National Laboratory
(Mar. 1962).

S, K. ABU-SHUMAYS, Nucl. Sci. Eng., 64,299 (1977).

52B. G. CARLSON and K. D. LATHROP, “Transport
Theory: The Method of Discrete Ordinates,” Computing
Methods in Reactor Physics, p.165, H. GREENSPAN, C. N.
KELBER, and D. OKRENT, Eds., Gordon and Breach, Science
Publishers Ltd., New York (1968).

53K. D. LATHROP, React. Technol., 15,107 (1972).

%43, NAKAMURA, “New Formulation and Coarse-Mesh
Acceleration for Two-Dimensional DSy and Py Methods,”
Proc. Sem. Numerical Reactor Calculations, Vienna, January
17-21, 1972, p. 51, International Atomic Energy Agency,
Vienna (1973).
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I1.C.2.a. Cartesian Coordinates

For a Cartesian geometry, a fixed coordinate
system for § can be used. Then the Sy approxima-
tion to the transport equation consists of the system
of N differential equations

(QV+ZW=q , QESN. 1)

This set of equations is coupled through the emission
density g, which is now approximated as
q= fs Q' > QU(r,QNdR' +S , (62
N
where, as before, the integral on Sy stands for the
weighted sum over the directions in Sy.

The solution of Eq. (61) is achieved by using a
numerical approximation for the spatial derivative
and by solving the resulting set of algebraic equations.
To construct the approximation, we subdivide the
spatial domain D into homogeneous rectangular
parallelepiped zones D; and integrate Eq. (61) over
each zone. After use of the Gauss divergence formula,
it follows that

iR [ wdA+Evi=q (63)
]

where V; is the volume of zone i with total cross
section Z;, aD; is the surface of this zone, and the
¥; and g; are volume-averaged quantities. Next, the
leakage through the surface is written in terms of
surface-averaged fluxes as

VIQ - A=V kAR (pk, - Yk
, fw,-“’d V,§u k(yk, = k)

where the summation is over the number of dimen-
sions. Here the direction cosine p* = Q-er, where
ey is the unit vector in the direction of the k axis,
A¥ is the area of the surface with normal ey, and
(x[/f‘+ - \bf-‘_) is the difference of the surface-averaged
fluxes in the k direction.

Since there are more unknowns than equations,
it is necessary to introduce a numerical approxima-
tion to relate the volume-averaged fluxes to the
surface-averaged fluxes. The well-known ‘“‘diamond
difference” approximation gives the additional equa-
tions52:53

U=k + k)2, allk .

A few features of the numerical solution of the
finite difference equations can be illustrated by
considering the simple case of plane geometry.5%:%

SSR. E. ALCOUFFE, E. W. LARSEN, W. F. MILLER,
and B. R. WIENKE, Nucl. Sci. Eng., 71,111 (1979).

S6E. W. LARSEN and W. F. MILLER, Nucl. Sci. Eng.,
73,76 (1980).
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Then the explicit results for the final finite difference
equation simplify to

wzis — Zi—)-l(wz# ~¥i)
+Zi(Wie t ¥i)2=¢q; ,
where the coordinate index (k = 1) has been dropped.
The volume-averaged emission density g; is calculated
via Eq. (62) in terms of the right/left surface-averaged

fluxes ;s m = Vi+(um); in particular for isotropic
scattering,

HESy ,  (64)

N
qi = zsi E Wm(‘pi#-,m + %_,m)/4

m=1

+(Si++8i)/2, wESN,
where the diamond difference approximation has
been used.

The system of Egs. (64) may be solved in an
iterative way by assuming in each ‘“‘internal” iteration
that the emission term g; is known from the previous
iteration. For a fixed direction u € Sy, Eq. (64)
is successfully solved in the direction of neutron
propagation (such that if u is negative then ;- is
computed in terms of ;,, and vice versa); such a
procedure ensures stability.” An iteration is begun
at a spatial location having a prescribed angular
flux (for example, a boundary at which the incoming
flux is known), and is continued through the slab
in the directions of the prescribed flux until the
opposite boundary is encountered; at this point,
the second boundary condition is used to calculate
the starting values for the march through the slab
in the opposite directions, and the procedure is
continued until convergence is obtained.

A difficulty with the diamond difference approxi-
mation is that its use may produce negative fluxes.
To circumvent this undesired feature, the diamond
difference approximation is modified, whenever
necessary, to ensure positivity.>*57 For instance, one
may set to zero the offensive negative flux, or one
may use a weighted diamond difference formula,

Vi=ydiet (1 =7 .

With v = 0.5, the usual diamond scheme is recovered,
while the ‘“step approximation” defined by v =1
or 0 (according to whether u > 0 or < 0) gives a
strictly positive scheme. An unpleasant side effect
of such a positivity “fix” is that the accuracy of
the numerical scheme is lower than that of the
diamond difference approach,”2% which is of second
order in the mesh size (z;4 — z;-).

Alternate schemes to the standard diamond

57B. G. CARLSON, Nucl. Sci. Eng., 61,408 (1976).
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difference approximation include®*™>° the linear dis-
continuous approximation, the exponential method,
the Hermite-Birkhoff interpolation, and approaches
based on the method of characteristics, such as the
step, linear, and quadratric®® characteristic schemes.
Most of these methods are superior to the diamond
difference approximation in plane geometry.5%:56

A desired feature of any numerical approximation
to the transport equation is that the number of
neutrons be conserved within each local volume, as
in Eq. (24). This conservation has been built into
the discrete ordinates approximation in Cartesian
geometry because the discretization procedure was
directly applied to the angle-dependent conservation
equation (63) on each spatial zone.

1I.C. 2.b. Curvilinear Coordinates

Care must be exercised to ensure neutron con-
servation when constructing a discrete ordinates
approximation to the transport equation in curvilinear
geometries. (In these geometries, the direction
vector § is described in a local system of coordinates
that depend on the spatial position.) Indeed, since
the direction variables continuously change for a
streaming neutron, extra terms involving derivatives
with respect to the angular variable will appear in
the leakage term $-V; hence, discretization may
result in a nonconservative scheme. To avoid this,
one has to apply the numerical approximation to
the proper (i.e., conservative) form of the transport
equation.

To write the conservative form of the equation
in curvilinear coordinates, the leakage operator -V,
where § is described in a fixed coordinate system,
must be expressed in terms of the local system of
coordinates (u,x), defined by the coordinate trans-
formation u = u(r,R) and x = x(r,R). Then, in the
curvilinear coordinate system (r,u,X), the leakage
operator becomes V,-§ + Rg, where V, acts like
V but only on the spatial variable r, while the angular
redistribution operator, Rg, acts on the angular
variables as

Rg = (8-Vu)d, + (R-Vx)3, — (7, Q) .

M. COURTOT, “Study of Some Numerical Schemes
for Solving the Three-Dimensional Transport Equation,” Proc.
Int. Topl Mtg. Advances in Mathematical Methods for the
Solution of Nuclear Engineering Problems, Munich, Germany,
April 27-29, 1981, Vol. 1, p. 83, Kernforschungszentrum
Karlsruhe (1981).

5°E. H. BAREISS and K. L. DERSTINE, “An Automated
Approach to Quantitative Error Analysis in Neutron Transport
Calculations,” ANL-76-59, Argonne National Laboratory
(1976).

®D. V. GOPINATH, A. NATARAJAN, and V. SUND-
ARARAMAN, Nucl. Sci. Eng., 75,181 (1980).
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Note that although € does not depend on the local
spatial variables, the function (V,- §) that arises from
the interchange -V, = V.- — (V,-Q) does not
necessarily vanish. This is because the divergence
of the unit vectors in the local system of coordinates
is not always zero. The explicit form for the angular
redistribution operator for cylindrical, spherical, and
toroidal geometries is given in Table 1.

With the new form of the leakage operator, the
transport equation appears as

(V, +Rq+Z)W=¢q . (65)

This equation is “‘conservative” in the sense that
the integral over all angles of the angular redistribu-
tion term vanishes:

[Ravag=0, (66)

so that Egq.
Eq. (24).

To obtain the Sy approximation in a curvilinear
geometry, we select a quadrature set {w,,8,,, m =1
to N, N even} and integrate transport Eq. (65) over
the area w,, about §,, on the unit directional sphere.
The angular integral of the angular redistribution
term can be done analytically, where the remaining
terms are integrated with the usual Sy approximation

(65) yields the wusual conservation

f ()R ~ W f Q)
ARy,

where the weight w,, equals the area of AS,,. The
resulting system of equations may be written as

[V, Q+R+Z1Yy=¢q , QESy,
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where the average angular redistribution term is
defined as

(RY)(r, Q) = Wi Lﬂ Roud®, m=1toN .
" (67)

The finite difference approximation for the spatial
leakage term V,-Qy is done in the same way as
for a Cartesian geometry. Thus, an integration over
each zone D; results in the following system of
algebraic equations for the cell-averaged quantities:

VT AU AL U
k

QeSy . (68)

+RY);+ZiYi=qi
Again the summation is over the number of dimen-
sions and u¥ = §-e;, where e; is the unit vector
which corresponds to the k’th curvilinear coordinate;
the Aﬁ correspond to the outer/inner surface areas
with normal ey. _
For each geometry, the volume-averaged (Ry);
may be expressed in terms of the volume-averaged
fluxes, gl/,-,mli, at the edges of the ‘“angular cell”
AQy,. The index [, [ = 1 or 2, indicates the angular
coordinate corresponding to each derivative term
0§2; in the operator Rg. The general expression one
obtains is of the form

(Elp)l = Z: [ai,rrzl+\bi,ml+ _ai,ml—d/i,ml—] 5 (69)
1

where the a4; /., which must be calculated for each
geometry, depend on the spatial position i and may
be shown to be proportional to the surface areas.°

TABLE 1
Analytical Forms of the Angular Redistribution Operator

Components of
Spatial in Local
Geometry | Coordinates | Coordinate Systems? Angular Redistribution Operator Rg
L. _ 2172 _ o A1/2
Cylindrical r¢,z (I -p")y " cosx , _amw” a,, sin
(1 - )" sin , )
Spherical r8,¢ L (1-uh'2cosy Ly 1-u?)- a-i cotfd, sin
(1 - “2)1/2 siny rok XX
b 1- 122 cosy | ~sin( + 2 NV
Toroidal ré,H (1 -4 X Ma“u(l -+, 1w cos(f +x) - e siny
(1 _u2)1/2 sinx " X p (1 _“2)1/2 r

“Note that u is the component of § with respect to one of the three local coordinate axes, and x is the projection of § onto

the plane defined by the other two axes.

®In terms of the major radius of the torus R, p = R + r sin § and H are the polar coordinates of the projection of the point

onto the x-y plane,and z =r cos 8.
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To solve the finite difference equations for the
set of fluxes

{wi,m,\p{’ct,mawi,ml:;
i=1tol, m=1toN, k=1t03, [=1,2} ,

it is necessary to add supplementary equations
relating the volume-averaged fluxes y; , to the
surface-averaged fluxes xp{-‘t,m and to the volume-
averaged fluxes on the edges of the angular cell
\pi,mli. The diamond difference approximation is

now generalized to

Yim= Wk o+ ¥k D2, allk
= (Yimet Yimd)2 , alll . (70)

Moreover, additional supplementary equations are
needed for boundary conditions on the angular
dependence of the angular flux. These equations
are usually constructed by considering the special
directions for which the angular redistribution term
vanishes, i.e., those directions along which the local
neutron direction coordinates do not change with
streaming.’® (For example, for one-dimensional
spherical geometry, the directions are the trajectories
i = t1 passing through the center of sphere, while
for cylindrical coordinates the directions are the
trajectories that intersect the axis, i.e., u = =1 and
X = 0 or 7 in the notation of Table I.) Another
possibility to construct the boundary conditions
on the angular dependence is to use a step function
approximation such that the flux y; , in the center
of the angular cell is set equal to one of the edge
values; the advantage is that fewer directions need
be considered.®!

We illustrate this formalism by considering the
special case of the one-dimensional spherical geom-
etry. Then the spatial dependence of the flux is
only on r, so the zones can be defined by decom-
posing the sphere into homogeneous spherical shells
ri- <r<r, 1 =1 tol Also, the summation over
k in Eq. (68) may be suppressed. The only remaining
complication is to calculate the angular redistribution
term (Ry);. From the definition of Eq. (67) and the
appropriate form of Rg given in Table I, we obtain

RY)r ) = 2L [ L

mJum- 1

X8, [l —udldu , wm€Sy , (71)

which depends on r only through the quantity
(Y/r). Next, the volume average in (Ry); is obtained

$K. D. LATHROP and F. W. BRINKLEY, “TWOTRAN-
II: An Interfaced, Exportable Version of the TWOTRAN Code
for Two-Dimensional Transport,” LA-4848-MS, Los Alamos
National Laboratory (1973).

with the approximation

({)-o ) o)

while the u integration is directly approximated
by a linear combination of Y, and Y,,_ with co-
efficients oy, . The final result is

_ A —A;i-
(RY); = <—Vz——> (n+Vimse — Cm-Yim-) , (72)

and comparison with Eq. (69) shows that
(Ais A
aime = T Qs

To obtain a conservative numerical scheme,
one must constrain the o,. values to satisfy the
Sy counterpart of Eq. (66),

N

27 WmRY), =0,

m=1

for any cell i. Combination of the last equation and
Eq. (72) implies that

N
Z; Wi Q4 Yi s _O‘m—wi,m—) =0 .

m=1

Since this condition must be fulfilled for an arbitrary
shape of the angular flux, and since ¥; m+1)- = Vi.m+>
we see that

oys == =0, Omen)- = Win/Wie1 )0me

m<N . (73)

The remaining o, coefficients, m < N, are
determined from a reference problem. It is customary
to consider an infinite medium containing only
a uniform isotropic source, so that the angular
flux is uniform and isotropic. Then, conservation
Eq. (24) implies that £y = g, so that the Sy transport
Eq. (68) for spherical geometry reduces to

VitulAdis —A; 10+ (RY); =0, wESy.

With the aid of Eqs. (72) and (73), this equation
gives a recursion relation for the oy, 4,

Uns = Wm-1 Wim)Om-1)+ = Mm , m>1, (74)
with the starting condition
a1+ = _IJ'l . (75)

The values of o, are all positive. For m < (N/2),
positivity may be seen directly from Egs. (68) and
(75); for m > (N/2), it follows by considering the
recursion relation for decreasing values of m, be-
ginning now with the starting condition agy_; )+ = un.

Another way of looking at the calculation of
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the o, is to observe that a straightforward integra-
tion of Eq. (71) leads again to Eq. (72), but now
with the oy,. defined by

amt=ﬁ(l—“72‘ni) , m=1toN .

Notice that the conservation conditions (73) hold
automatically; also, since

f d€ ~ wpy = 21(ms — Bm-) »
AR m

it follows that recursion relation (74) is maintained
only if u,, is selected as the average of yy+ and wy,-.

Any discussion of the Sy method would be
incomplete without a consideration of its principal
limitation, the so-called ray effect.%? This effect
arises because solution of the transport equation
for only a discrete number of directions (or rays)
leads to loss of invariance under infinitesimal rota-
tions. Because of the Sy angular discretization, neu-
trons are propagated only along the rays. This fact
implies that in multidimensional geometries the
uncollided neutrons streaming from an isotropic
source region, for example, are unable to reach
zones that lie between rays emanating from the
source. In practice the ray effect is aggravated for
strongly absorbing media, as in shielding calculations.
The ray effect is mitigated by increasing the number
N of directions §,,, but this remedy requires in-
creased computational effort and does not ensure
a complete elimination of the problem.%?

One possible fixup consists of introducing an
artificial source distribution defined so that the
Sxy method becomes similar to the Py_; approxima-
tion, which has rotational invariance.®® This pro-
cedure leads to a better correction of the ray effect
than increasing the order of the Sy approximation,
but also involves heavy penalties in computation
time.

A different way to remedy the ray effects is to
abandon the discrete Sy angular representation in
favor of an expansion on a set of angular functions.
Instead of the computationally impractical Py expan-
sion, one may use Walsh functions®® or piecewise
polynomial expansions, as in the finite element
method.®® Nevertheless, the Sy method remains
the technique most widely used for solution of

62K. D. LATHROP, Nucl. Sci. Eng., 32,357 (1968).

S3K. D. LATHROP, Nucl. Sci. Eng., 45,255 (1971).

%W. F. MILLER and W. H. REED, Nucl. Sci. Eng., 62,
391 (1977).

5T. J. SEED and R. W. ALBRECHT, Nucl. Sci. Eng., 60,
337 (1976).

661, L. BRIGGS, W. F. MILLER, and E. E. LEWIS, Nucl.
Sci. Eng., 57,205 (1975).

499

the integrodifferential form of the transport equa-
tion.61,67-69

I1.C.3. Method of Characteristics

In general, the diamond difference is a reasonable
approximation when the scattering is important
within the zones, and works well for reactor analysis
problems. However, especially in deep-penetration
shielding problems where neutron streaming effects
are crucial, a large number of zones have to be
used to obtain good accuracy, and calculations then
become unreasonably expensive. This problem can
be alleviated by using a different approximation
that accounts for transport within the zones. In
the method of characteristics,?6773 such an approxi-
mation is obtained by analytical integration along
the neutron trajectories (or “characteristics”) in
the directions § € Sy, i.e., by using integral Eq. (18).
The domain is divided into homogeneous cells, so
that 7 = Zs in Eq. (18) and one assumes an analytic
form for the spatial dependence of the volumetric
emission density ¢, and thus the integration can be
done analytically to give a closed-form relation
linking the emerging and entering angular fluxes.
In contrast to the finite difference approximation,
the streaming term §-Vy of the transport equation

K. D. LATHROP, “THREETRAN: A Program to Solve
the Multigroup Discrete Ordinates Transport Equation in
(x,y,2z) Geometry,” LA-6333-MS, Los Alamos National Lab-
oratory (1976).

®W. W. ENGLE, “ANISN-ORNL, A One-Dimensional
Discrete Ordinates Transport Code,” CCC-254, Computer
Technology Center, Union Carbide Corporation, Oak Ridge
(1973).

®W. A. RHOADES and F. R. MYNATT, “DOT III, Two-
Dimensional Discrete Ordinates Transport Code,” ORNL-TM-
4280, Oak Ridge National Laboratory (1973).

7], R. ASKEW, “A Characteristic Formulation of the
Neutron Transport Equation in Complicated Geometries,”
AEEW-M 1108, U.K. Atomic Energy Authority, Winfrith
(1972).

"E. W. LARSEN and R. E. ALCOUFFE, “The Linear
Characteristic Method for Spatially Discretizing the Discrete-
Ordinates Equations in (X,Y)-Geometry,” Proc. Int. Topl. Mtg.
Advances in Mathematical Methods for the Solution of Nu-
clear Engineering Problems, Munich, Germany, April 27-29,
1981, Vol. 1, p. 99, Kernforschungszentrum Karlsruhe (1981).

™R. E. ALCOUFFE and E. W. LARSEN, “A Review of
Characteristic Methods Used to Solve the Linear Transport
Equation,” Proc. Int. Topl. Mtg. Advances in Mathematical
Methods for the Solution of Nuclear Engineering Problems,
Munich, Germany, April 27-29, 1981, Vol. 1, p. 3, Kernfor-
schungszentrum Karlsruhe (1981).

M. D. BROUGH and C. T. CHUDLEY, “Characteristic
Ray Solutions of the Transport Equation,” Advances in Nu-
clear Science and Technology, Vol. 12, p. 1, J. LEWINS and
M. BECKER, Eds., Plenum Press, New York (1980).
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is treated exactly, so that the characteristic method
is better suited for shielding problems.

Characteristic methods may be generally classified
according to whether they use values of the angular
flux at only a finite number of points on the cell
surface, or they assume expansions for the angular
flux over the cell faces.

In the first case, for each direction § € Sy, one
selects a finite number of characteristics and calcu-
lates the angular fluxes in direction § at the points
at which the characteristics intersect the cell bound-
aries.”®’* Thus any existing flux is computed in
terms of an entering flux and the source, which
is typically assumed to be constant within the
cell. To ensure neutron conservation, the source
is evaluated by neutron balance within the cell:
for each £ € Sy, this is done by distributing the
volume of the cell between the characteristics that
pass through the cell.

In such a general point-to-point approach, angular
fluxes in different directions are calculated at dif-
ferent boundary locations. For a uniform spatial
grid of homogeneous cells, however, it is possible
to choose the angular directions so that the charac-
teristics may be selected to intersect the corners
(and possibly middle points) of the cell faces.”>7¢
The advantage of the latter approach is that the
exponential factors for the integration along the
characteristics are the same for all cells comprised
of the same material; the disadvantages are that
the geometry must be divided into homogeneous
squares (in two dimensions) or cuboids (in three
dimensions), and that the set of discrete directions
cannot be changed to improve the precision in the
angular variable.

We now consider the class of characteristic
methods that are based on the use of expansions
for the angular flux over all cell faces. On each
face k of the cell, the flux is approximated by

vk, Q) = z) @@, BESy,  (76)

where the f"(r), = | to J, are the expansion func-
tions. The calculatlon of the expansion coefficients
wk(ﬂ) is done cell by cell. For a given cell and a
flxed direction §, the integral equatlon gives the
angular flux on an exiting face, y*(r,§), in terms
of the known flux for the entering face, ¥*(r,§),

and the known source q.

M. J. HALSULL, “CACTUS—A Characteristic Solution
to the Neutron Transport Equation in Complicated Geome-
tries,” AEEW-R 1291, UK. Atomic Energy Authority, Win-
frith (1980).

M. R. WAGNER, D. A. SARGIS, and S. C. COHEN,
Nucl. Sci. Eng., 41, 14 (1970).

7J. A. BUCHOLZ and C. G. PONCELET, Nucl. Sci. Eng.,
64,356 (1977).
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The unknown expansion coefficients can be
determined by either the collocation or projection
method. In the collocation approach, a set of points
{r;, i = 1 to J} on face k is used in integral Eq. (18),
in conjunction with the expansions for the exiting
and entering faces, to obtain the set of algebraic
equations

Z} VHONAOE E VE@)fF i) exp(-1.)

+f q(r; — s ) exp(-Zs)ds ,
0

QRESy .

The point #;; = r; — 5,8 is on the entering face k.
Such a method has been applied for the r=z
geometry’”’® by assuming a linear ‘“‘continuous”
expansion for the angular fluxes on the four cell
faces. The expansion is continuous in the sense
that the values of the fluxes on two adjacent faces
are constrained to be the same at the common
corner. These conditions of continuity reduce the
number of unknown coefficients for a given §
from eight to four, and the fluxes are determined
by selecting as collocation points the four corners
of the cell. (Perhaps a different set of collocation
points could improve the accuracy of the method,
but such a set would certainly complicate the coding
of the method.) The source term on the right side
of Eq. (77) is analytically evaluated by assuming
that the angular flux is linear along the characteristic,

amn

w,-(r,-—sn,s_z)=( ——)wk<r,,m+—w"(r,b,m :

where y*(r;, Q) and ¥*(r;;,Q) are linearly inter-
polated from corner values. The fundamental dis-
advantage of this method is that neutron conservation
is not guaranteed because the balance condition is
not used, although use of linear interpolations results
in an inherently positive scheme.

Another possibility to determine the unknown
expansion coefficients is to use the projection method
described in Sec. I.C. This technique has been applied
by Larsen to x-y geometry by assuming a linear
“discontinuous” approximation for the angular
flux on each face k,”57°

Yk, Q) = YR + V5 @) - (p - p1) (78)

where p is the projection of r on the x-y plane and
pr denotes the midpoint of side k. Note that xl/ )
is the average angular flux on the side, while wk €1))

TIK. TAKEUCHL, J. Nucl. Sci. Technol., 6,466 (1969)
and 8, 141 (1971).

78N. SASAMOTO and K. TAKEUCHI, Nucl. Sci. Eng.,
71, 330 (1979).

ME. W. LARSEN, Trans. Am. Nucl. Soc., 33,317 (1979).
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is the gradient of the flux along the side (since
p is a point constrained to be on the side). In this
method, the angular flux within the cells is also
taken to be linear, so that the source may be written
as

qr, ) =q () +q,()-(p-po) , (79)

where p, is the center of the cell. Using this form
for the source in integral Eq. (18) yields

V@ ) = Y (rp, Q) exp(-7_)
+ Z7[1 - exp(-7p)]
X1g1+q2(p—po—2T7'R,)]
+ 55 exp(-Tp)q2 Ry}

where §, is the projection_of § on the x-y plane;
the incident angular flux y* enters the cell at point
r, =r-s58.

The expansion coefficients Y%(R) and Y%()
are calculated by projection on the expansion func-
tions. That is, we substitute Eq. (78) into the last
equation and multiply the resulting expression first
by unity and then by (p — p¢). Then we integrate
along the side to obtain explicit expressions for the
expansion functions. To carry out the integration
along a cell side, it is generally necessary to break
up the domain of integration into two parts: one
for which the particles enter through the opposite
side, so that s, is constant, and the other for which
the particles enter through an adjacent side, so
that sp, varies linearly.

To ensure neutron conservation, Larsen used
the neutron balance equation when calculating the
source. By substituting into Eq. (63) the expansions
for the angular flux on the boundary and for
the source in the cell, Egs. (78) and (79), and the
corresponding expansion for the angular flux in
the cell, it follows that

Q, Q
T WA+ 2 W@ + 2y () = g ()
x y

QeSy ,

where

€2, = component of § in the (horizontal)
x direction

I, = length of the horizontal side

(Y1(Q)) = difference between the expansion co-
efficients YX(§) for the right and left
vertical sides.

In this equation, ¢,(§) is calculated in terms of
¥1(8§2) using Eq. (62).

Calculation of the expansion coefficient q,(§)
can be done by generalizing the idea underlying
conservation Eq. (63). This is done by multiplying
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transport Eq. (61) by (p — po) and integrating over
the cell volume to obtain

Q —— D Q
12 75 Y3 + T2 W@ — 1275 yy(@)
X y x

+ szx(n)lx = ‘hx(n)lx > n € SN )

and a similar equation for x interchanged with y;
the Yi(f) is the average value of w’l‘(ﬂ) for the
two vertical sides of the cell. Although this procedure
was used in the original application of the linear
characteristic method, currently the calculation of
the coefficients ,(§) [and also ;p’;(ﬂ)] is done
in a different way in order to improve computational
efficiency.”!

There are several conclusions that can be drawn
from the work on characteristic methods. Since
these methods account for wuncollided neutron
trajectories inside a cell, they are better suited for
problems in which streaming dominates scattering.
Characteristic methods that are based on linear
expansions for the angular fluxes on the cell faces
permit relatively larger cells than those required
for the classical diamond difference approximation.’?
The use of quadratic or higher order expansions,
which might reduce computational costs, certainly
would require a positivity fix to ensure that the
angular flux remains positive on the faces.

There is a trade-off in the scheme used to calcu-
late the source within a cell. An inherently positive
scheme can be obtained by calculating the source
by using an interpolation scheme on the angular
fluxes on the faces of the cell, although this approach
does not preserve neutron conservation. In contrast,
direct use of the balance equation when calculating
the source ensures conservation, but may require
a positivity fix. It seems that the second approach
is better because forcing neutron conservation
accelerates the convergence of the iterative scheme
used for calculating the angular flux. As to the
expansion for the source, use of a constant source
is quite inefficient because it leads to small cells,
so linear expansions like Eq. (79) offer computational
advantages.

Work on characteristic methods is still under
way. Besides the approximations discussed here,
a hybrid method that combines the point-to-point
characteristic method with the diamond difference
approximation has been developed.8%8!

8w. L. FILIPPONE, S. WOOLF, and R. J. LAVIGNE,
Nucl. Sci. Eng., 77,119 (1981).

8'w. L. FILIPPONE and S. WOOLF, “Application of the
Method of Streaming Rays to Particle Transport in Complex
Geometries,” Proc. Int. Topl. Mtg. Advances in Mathematical
Methods for the Solution of Nuclear Engineering Problems,
Munich, Germany, April 27-29, 1981, Vol. 1, p. 67, Kernfor-
schungszentrum Karlsruhe (1981).
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II.D. Finite Element Methods

The finite element method is an extension of
the classical Rayleigh-Ritz-Galerkin technique for
solving the variational formulation of a differential
equation.’? One of the method’s most attractive
features is that it uses a local expansion of the
unknown function on piecewise polynomials that
are zero over most of the domain. Each function
enters the calculation at only a few nodes, and this
results in a sparse system of algebraic equations.
Furthermore, since each expansion function has
a small support (i.e., the domain in which the
function is nonzero is small), a good approximation
for the unknown function on an arbitrary geometrical
shape can be constructed by piecing together these
“finite element” functions. Indeed, it is this ver-
satility for complicated geometries that has made
the finite element method popular in a variety
of engineering disciplines.

The finite element method has been directly
applied to the second-order transport equation for
the even-parity component of the angular flux.®
This flux ¥*(r,R), along with the odd-parity com-
ponent (7, §), is defined as

V=5 Ve EUe-W] . (80)
The even-parity transport equation has the advantage
that it can be cast into a variational form, thus
providing for a straightforward application of the
finite element technique.

Although the ordinary transport equation for
Y(r,8?) cannot be derived from a functional by a
maximum or minimum principle, the finite element
method can be applied to a variational form of
the equation.®»3% This alternate, weak formulation
of the finite element method can be viewed as a
Galerkin projection, as described in Sec. I.C. The
difference, however, is that now some or all of the
boundary conditions are directly incorporated.

The finite element procedure can be applied
either to the spatial or angular variable, or simul-
taneously to both. The advantage of applying the
technique to the spatial variable is that a good
representation may be obtained for an arbitrary
geometry. On the other hand, a finite element

8G. STRANG and G. J. FIX, An Analysis of the Finite
Element Method, Prentice-Hall Publishing Co., Inc., Engle-
wood Cliffs, New Jersey (1973).

835. KAPLAN and J. A. DAVIS, Nucl. Sci. Eng.; 28,166
(1967).

843 UKALI, J. Nucl. Sci. Technol., 9,366 (1972).

8T. OHNISHI, “Finite-Element Solution Technique for
Neutron Transport Equation (Fy Approximation),” Proc.
Sem. Numerical Reactor Calculations, Vienna, January 17-21,
1972, p. 629, International Atomic Energy Agency (1972).
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representation on the angular variable ameliorates
the ray effects normally encountered in Sy solutions.

Here we first discuss the application of the
finite element method to the ordinary transport
equation, while treating simultaneously both the
r and § variables. Then we briefly analyze the
differences that appear in the treatment of the
even-parity transport equation.

II.D.1. Ordinary Form of the Transport Equation

When applying the Galerkin projective technique
to transport Eq. (1), one looks for an approximate
solution for the angular flux in a finite dimensional
space Ey. This flux may be written as

N
Ve~ UifirQ) 1)

i=1

where the {f;} are a set of basis functions in Ep.
Substitution of this approximation into the transport
equation and projection of the resulting equation
onto the expansion functions yields the set of
algebraic equations

(f,BY)=S; , i=1toN . (82)

Here we have introduced the scalar product in phase
space,

(f.g)= [ fedx = fD L S Qe Q)drdQ

and we note that S; = (f;,95).

The treatment of boundary conditions in the
finite element method depends on whether these
conditions can be incorporated into the equations
or must be imposed on the expansion functions.
The first are called ‘““natural” boundary conditions,
and the latter are called “essential.” Since natural
boundary conditions provide a convenient treatment
in the finite element formulation, these conditions
should be used whenever possible. Also, natural
boundary conditions, which must include the in-
homogeneous contribution 1, will give rise to
extra terms in the final equations.

For the ordinary form of the transport equation,
all boundary conditions can be treated as natural
conditions. If we assume that the expansion functions
are continuous, we can use

RV =—YQVi+Q V() , fidE€EN,
(83)
to obtain the Green’s formula
(fi.BUY = B*f1,0) + i, 00 — Fu 0, fi,W EEn
(84)

Here the adjoint operator B* is defined as
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*=-Q-V+ZI-H

and the outgoing/incoming surface contributions are
o=t [ fe(@nyx,
X+

=+ faD f [, Q0 Q)(R-mdAIR . (85)

Formula (84) is now used to introduce boundary
conditions into Eqs. (82) by replacing (f,,w with
(f,,w )- where, with the notation of Egs. (9) and
(10), w = \//O+B\1/ The resulting equations are

B, N+ P =S+ fu¥ ), i=1toN. (86)

This equation constitutes the weak formulation
of the finite element method of the transport
equation. The formulation is “weak’ in the sense that
only the projections of the equation on the represen-
tation functions are satisfied. Indeed, if Y is a solu-
tion of Eq. (86), then with the aid of formula (84)
this equation may be rewritten to obtain

(f;, BU-S)+ (i, U~ ¥ -=0 .

This equation reduces to
(£,BY-S)=0, f;€Ey,

where Ey is the subspace of Ey containing the func-
tions f; that vanish on the incoming boundary
oX_. Furthermore, if the f; become a complete
set of functions as N — oo, then the last equation
gives BY = S almost everywhere so that Eq 87
implies that the boundary condition J = J_ on
0X_ is satisfied in the limit.

Use of expansion (81) in the set of Egs. (86)
leads to the matrix formulation of the finite element
equations

(87)

N
E =S; + (i, ¥o)- - (88)

The matrix elements M;; are expressed in terms of
volume and surface moments of the expansion
function as

MI] = (B*flaf}) + <flaf[>+ - (ﬁaﬁf}>“ M

In Eq. (88) the inhomogeneous component of the
boundary condition has been retained as part of the
source term, while the homogeneous component
has been included as a part of the matrix element.
Before discussing the calculation of the matrix
elements, it is necessary to construct the expansion
functions f;(r,2). Two general approaches are pos-
sible: We can use a direct product of expansions in
r and § consisting of factorized functions which are
a product of a spatial function and an angular func-
tion, or we can construct the expansion functions
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directly on the entire domain of r and §. The
latter approach has been used for one-dimensional
geometries, where only two variables are involved;
more complicated geometries are treated with the
factorized technique, which is discussed here for
the case of a two-dimensional geometry.

To construct a finite element approximation
on the spatial domain, we have to partition the
domain into small homogeneous components and
for each of them construct expansion functions
with support on the subdomain. The shape of these
geometrical elements should permit a good approxi-
mation to internal heterogeneities, such as fuel
rods, and the contour of the external boundary.
Rectangular elements,® and even general quadrilateral
elements,”"® have been used, but here we consider
only the more common triangular elements.

The expansion functions inside each triangular
element are typically taken to be polynomials.
For neutron transport theory, where only the flux
need be continuous, Lagrange interpolation poly-
nomials suffice®®; Hermite interpolation polynomials,
which also preserve continuity of the derivative of
the flux, are not used. Only the simplest Lagrange

approximation involving linear polynomials will
be considered here.
A linear Lagrange interpolation polynomial

inside the o’th triangle may be defined in terms
of three linear basis functions, one for each vertex
of the triangle. The function associated with vertex
s is zero outside the triangle and is constructed
so that

1, vertexs

fsalP) = (89)

0 , other 2 vertices .

Because the fi,(r) is zero outside triangle «, it is
discontinuous along the two sides intersecting vertex
s. An expansion of the angular flux in terms of such
functions therefore will be continuous within each
triangle, but not necessarily along interfaces between

8y, MEDERBEL, “Résolution de ’Equation du Trans-
port du 2éme Ordre par Application de la Méthode des Elé-
ments Finis sur 'Espace des Phases,” Université de Paris Sud
These de 3eme Cycle (1977).

87p. LESAINT, Rev. Frangaise d’Automatique, Infor-
matique et Recherche Operationnelle, R-2,67 (1974).

8J. GERIN-ROSE and P. LESAINT, Int. J. Numer.
Methods Eng., 10,171 (1976).

8M. MORDANT, “ZEPHYR, A Code for Solving Neu-
tron Transport Problems on Irregular Meshes in Two Dimen-
sional Geometries,” Proc. IAEA Specialists Mtg. Methods of
Neutron Transport Theory in Reactor Calculations, Bologna,
Italy, November 3-5, 1975, CONF-751152, International
Atomic Energy Agency (1976).
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triangles. To achieve continuity, we sum the expan-
sion functions for all triangles o with a common
vertex § to obtain

fsr) = Efsa(r) , s=1toNs. (90)

The set of fi(r) spans the appropriate subspace of
functions that are continuous over all the N, triangles
and linear in each triangle.

The decomposition of the angular domain, which
involves two variables, into subdomains depends
on the coordinate system selected. With Cartesian
coordinates £, and $§2,, the domain is the unit
circle Q2 + 23 < 1, and one can again use triangular
elements to approximate the circumference of
the domain.®® On the other hand, use of polar co-
ordinates with variables 6 and ¢ gives a rectangular
domain for which rectangular elements are more
suitable.”® The rectangular elements enable one
to exactly match the perimeter of the rectangular
domain, whereas the triangular elements can never
fit exactly the unit circle. However, use of the
variables (8,¢) requires the evaluation of square
roots and trigonometric functions to calculate the
matrix elements M;;, whereas this numerical com-
plication is avoided with the use of the variables
2, and Q.

The factorized finite element expansions that
combine expansion functions f(r) for space and
f2(R) for angle can be written as

fie. Q) =ff,(Q) , i=1toN ,

where i = (s,a) is a “two-dimensional” index linking
the spatial index s, s = 1 to N, with the angular
index a, a = 1 to N,, and where N = NgV,. One
advantage of such a factorized expansion function
is that the calculation of the matrix elements is
somewhat simplified by an uncoupling of integrals.
For instance, for the volume element

B, /) =V )+ Efif) - Hfn ) . O

we can write, withj = (s',a"),
@955 = | [ ]
1l Qr.@)f(@a)
(i) = [ ] E(r).fs(r)fs'(r)dr]

X [ i fa(mfaf(mdn] .

W. F.MILLER, E. E. LEWIS, and E. C. ROSSOW, Nucl.
Sci. Eng., 52,12 (1973).
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and
W5 = [ £0fe@ [ fa@)
X [ 2.9 Q)(Q")drdQaQ" . 92)

From the first two equations, we see that the ele-
ments can be obtained as products of spatial integrals
and angular integrals; furthermore, if Ty(r,Q ) is
expanded as in Eq. (3), then this factorization applies
also to the third formula.

It is important to notice that since the represen-
tation functions fi(r) and f,() vanish over much
of the domain, the corresponding matrix elements
likewise will vanish except when s and s’ (and also
a and a') are vertices in the same element; the only
exception is the contribution from the scattering
operator, which is totally coupled in angle. Con-
sequently, the matrix is sparse with respect to the
spatial variable.

Although the integrations in Eq. (92) can be
evaluated analytically, they are usually carried out
with a numerical integration scheme such as the
Gauss quadrature. In such cases, each integral is
decomposed into a set of integrations over the
elements (triangle, rectangle, or whatever) and the
contribution over a given element is calculated by
mapping it into a reference element (an isosceles
right triangle, a square, etc.) where the integration
is carried out numerically. However, in order to
ensure neutron conservation, the spatial gradient
Vf(r) is calculated analytically.

Convergence of the finite element method de-
pends on the interpolation error, which generally
varies as pk*'/p;, where p, is the radius of the
smallest circle circumscribing the element, p; is the
radius of the largest circle inscribed within the ele-
ment, and k& depends on the order of the polynomial
approximation.’287-°1 For triangular elements, for
example, this means that elongated triangles result
in poor convergence.

Until now, we have considered continuous finite
element approximations, which, in principle, are
required because the flux is a continuous function
of the spatial variable. Use of discontinuous elements
to approximate the angular variable, on the other
hand, does not lead to any modifications to the
formulas, and is advantageous in the treatment of
boundaries (and, for example, to account for the
possible discontinuity at 4 = 0 in a plane geometry).
In the case of triangular elements, a discontinuous
angular representation may be obtained from the

%p. JAMET, “Estimations d’Erreur pour des Eléments
Finis Droits presque Dégénérés,” DO 111, Commissariat a I’En-
ergie Atomique, Limeil (Nov. 28, 1974).
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direct use of basis functions (89) instead of the
expanded functions (90).

For a given number of finite elements, discon-
tinuous functions for the spatial variable may provide
a better convergence,” even though they do not
preserve continuity of flux at interfaces between
elements. However, because of the spatial derivative
operator V, special care should be taken when using
discontinuous finite elements. To ensure the con-
tinuity of the angular flux as the number of elements
N increases, one must include continuity at the
interfaces as a natural boundary condition; that
is, one must regard \1/ in Eq. (82) as if it were
continuous. To obtain the correct form of the finite
element equations, the same general procedure as
before is followed. However, because the functions
in Ey may be discontinuous, Eq. (83) is replaced
by

HiVY=-0UQ-Vfi+ -V )
~WfQ-ndi(ry , fi.Y €Ey .

In this expression, the derivatives are taken in the
classical sense and the last contribution originates
from the discontinuity of f;; the §;(r) is the Dirac
delta function on the perimeter of the support of
fi (i.e., of the i’th spatial element), and (\bf,) denotes
the jump in the direction of the normal m to the
perimeter. Use of Eq. (93) again yields Eq. (86)
except that an extra term

- - f f AR -m)aQal (94)

must be added to the left side. The line integral
on dl is performed along the perimeter of the i’th
spatial element.

The specific form for 7; in Eq. (94) has been
obtained by imposing the natural boundary condition
of continuity of J at the interfaces, so that (Jf;) =
U(Q)f(r). To calculate the contribution of the
integral T; to the matrix AM;;, one must replace l[/
by its expansion in Eq. (81). Since this expansion
is discontinyous, it is necessary to give a rule for
calculating ¢ along the discontinuity; if the equations
are solved according to_the direction of neutron
travel, then the known \,b is used, corresponding to
J(r - e, Q) for vanishing e.

To construct the discontinuous spatial elements
fs(r), one possibility is to use directly the basis func-
tions (89). Another possibility is to use a function
that vanishes outside of any two adjacent triangles,
vanishes at the midpoint of all exterior sides, equals
unity at the midpoint of the side common to the
two triangles, and that is a linear function in each
of the triangles.®?

(93)

“2W. R. MARTIN and J. J. DUDERSTADT, Nucl. Sci.
Eng., 62,371 (1977).

The finite element equations, as developed
simultaneously in » and §, lead to an asymmetric
matrix M that is not well suited for an iterative
procedure. This means that the solution must be
obtained by direct numerical inversion. At present
this disadvantage overshadows the fact that this
finite element method is less susceptible to ray
effects and flux oscillations, that it leads to a simple
treatment of all boundary conditions as natural
conditions, and that it offers the possibility of
using discontinuous approximations.’

As a possible compromise, a mixed scheme, con-
sisting of a finite element approach for r and a
discrete ordinates representation for £, leads to
a set of algebraic equations which are amenable to
solutions by an explicit technique.’®°%°* Such a
solution technique permits calculation of the flux
at successive spatial locations following the direction
of neutron travel. In this mixed scheme, boundary
conditions cannot be treated as natural boundary
conditions and must be incorporated as they arise.
Also, since the incoming boundaries of an element
depend on the neutron direction, special care has to
be taken when devising the iterative procedure
for sweeping the mesh.

I1.D.2. Even-Parity Form of the Transport Equation

The even parity form of the neutron transport
equation is derived by first writing the transport
equation twice, for § and -§, and adding and
subtracting the equations to obtain

Q-VY*+(Z -HHY*=85* . 95)

Here {* has been defined in Eq. (80), and S* is
defined similarly. The operators H* are similar
to the scattering operator H except that the corre-
sponding kernels are

B0 Q) =1 (5.60.070) : L0 )]

The even-parity form of the transport equation
follows by solving the second equation of (95)
for Y-,

YT=KEST -9y, (96)
where K = (£ ~ H™)7!; then substituting this result
into the first equation, we obtain the even parity

®W. H. REED, T. R. HILL, F. W. BRINKLEY, and K. D.
LATHROP, “TRIPLET: A Two-Dimensional, Multigroup, Tri-
angular Mesh, Planar Geometry, Explicit Transport Code,”
LA-5428-MS, Los Alamos National Laboratory (1973).

*T. J. SEED, W. F. MILLER, and F. W. BRINKLEY,
“TRIDENT: A Two-Dimensional Multigroup, Triangular Mesh
Discrete Ordinates, Explicit Neutron Transport Code,” LA-
6735-M, Los Alamos National Laboratory (1977).
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equation®3

(QVKQ-V+Z-HHN " =5*"-Q-VKS™ . (97

The operator K is calculated by writing H™ in
terms of the orthogonal projection operators Q.
This results in an equation like Eq. (4) except that
the summation now is over only the odd terms.
Then, using the properties of Qf, it can be shown
that

_ - sk
K—21[1+ > (2k+1)(z_zsk)gk] o8

k odd

provided that the medium is at least slightly absorb-
ing.

The solution of Eq. (97) requires the evalua-
tion of S*, the even and odd components of the
source. In a multigroup calculation, these sources
depend on the corresponding angular fluxes y* and,
although ¢* is the direct solution of Eq. (97),
extra numerical effort is needed to obtain ¢~ using
Eq. (96). This complication has been avoided by most
researchers®690:92:9599 who have considered only the
special case of isotropic scattering and sources, where
K =ZX1and S” = 0; then the even parity equation is

[~n-v2‘ln-v+2 - (4n)'Z, fdsz] yr=8* .

Knowledge of the resulting % is sufficient to calcu-
late the total flux ¢ that, in turn, gives any desired
reaction rate.

It still remains to prescribe the interface and
boundary conditions to be used with the second-
order form (97) of the transport equation. When
there are no surface sources, the angular flux is
continuous at any interface and both y* and ¢~
are continuous. It is convenient to rewrite the bound-
ary conditions in a more symmetric form valid for
an arbitrary . This can be done by introducing
the sign function

—_ Qn
ST

%W. F. MILLER, E. E. LEWIS, and E. C. ROSSOW,
Nucl. Sci. Eng., 51,148 (1973).

%F. PITKARANTA and P. SILVENNOINEN, Nucl. Sci.
Eng., 52,447 (1973).

H. G. KAPER, G. K. LEAF, and A. J. LINDEMAN,
“Applications of Finite Elements in Reactor Mathematics.
Numerical Solution of the Neutron Transport Equation,”
ANL-8126, Argonne National Laboratory (1974).

%E. E. LEWIS, W. F. MILLER, and T. P. HENRY, Nucl.
Sci. Eng., 58,203 (1975).

L. L. BRIGGS and E. E. LEWIS, Nucl. Sci. Eng., 75,
76 (1980).
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so that the general boundary condition of Egs. (9)
and (10), Y = Y. = Yo+ BY on 0X_, now becomes

VER) =Y (s®) , onadX . 99)

To write this equation in terms of the even and
odd components of the angular flux, we first observe
that

Y(s8) = Y (Q) +sy™(R) .

For convenience, the albedo operator § of Eq. (10)
also is extended to functions defined on the entire
boundary 0X that is comprised of all points in
phase space X = (r,) for which r € 0D. The kernel
B(x' = x), whose values are known for ' -n > 0 and
Q-n < 0, is now defined for arbitrary § and §'
with the formulas

Bix'>x)=0, (Q'-m and (Q-n)>0 ,

and
B(x'>x)=BRx'"=>Rx) ,

where R~ is the operator that reverses the angular
direction, R™x = R~ (r,) = (r,~f); then it can be
shown that

(BY)sR) =By —sy7) .

Using this formalism, boundary condition (99) can
be written as

A-PY* + (1 +P)sy~=Yo(s®) , ondX , (100)

and after accounting for Eq. (96), this gives the
appropriate boundary condition in terms of ¢, for
the even parity equation (97).

An early scheme for the solution of the even-
parity form of the transport equation used an angle-
space synthesis method closely related to the finite
element approximation.!®® Just as with the ordinary
form of the transport equation, the finite element
approximation to the even-parity form is obtained
with a Galerkin approximation. Use of an expansion
like the one in Eq. (81) yields

(fi, VY ) + (fi,[Z - H' W = (1.5 ,

where Y~ is defined in terms of y* via Eq. (96).
As many of the interface and boundary conditions
as possible should be incorporated as natural con-
ditions in this equation. Again, for simplicity, we
assume that the expansion functions are continuous,
so that Eq. (83) (with § now replaced by J~) can
be used to rewrite the contribution from the spatial
leakage term as

(fi,R-99") = (Q-Vf;,KQ-VJ*)
— (-1, KSH)+ {07 .

1005, KAPLAN, J. A. DAVIS, and M. NATELSON, MNucl.
Sci. Eng., 28,364 (1967).
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The total surface term
(fi, 3= f £i97(Q-m)dx
aX

is now simplified with the help of interface or bound-
ary conditions, as appropriate.'®'

When there are no surface sources, the interface
conditions may be incorporated as natural conditions.
Indeed, in this case, the angular flux {~ is continuous
and therefore the surface term vanishes. We consider
now the boundary conditions. If the operator (1 + )
can be inverted, the surface term becomes

G U = (51 + B [ Yos) = (1 —BYHD .

Thus, any boundary condition can be incorporated
as a natural boundary condition; in particular, for
the case of B = 0 this includes a purely inhomo-
geneous boundary condition as, for example, for
a nonreentrant boundary. In some situations of
physical interest, however, the operator (1 + )
cannot be inverted; such is the case of isotropic
or specular reflection defined in Eq. (11) when
g =1.

Here we show that the often-used specular
reflection boundary condition with unit albedo
can be treated as an essential condition. Since for
this condition the square of the albedo operator
is unity (B> = 1), application of the operators
(1 ¥ 8) to Eq. (100) yields

AR TORO )

and

U =By + L5+ HUGsR) |

where the anticommutation relation fs = —sf has
been used. The second equation can be used to
obtain

<ﬁ,$->=<f,-,3$">+<ﬁ,%s(1+5)wo(sm> .o

To eliminate the spatial derivatives on the boundary
that arise in the first term on the right side, we
introduce the adjoint albedo operator §* via the
identity

fi.B97) = B¥3, 07
We then observe that if we construct the expansion
functions so that, for any function g in Ey,

(1+8%)f.82=0,
then Eq. (101) simplifies to

(102)

1014 G. KAPER, G. K. LEAF, and A. J. LINDEMAN,
J. Math. Anal. Appl., 50,42 (1975).

507

(i ¥7r= <f s+ B)ll/o(sﬂ>

For specular reflection, for which g* = -, con-
dition (102) reduces to the essential boundary
conditions

fir, Q) =filr, - 2(@-mQ] ,

In other words, the expansion functions f; must
satisfy the specular reflection condition.®”

As for the ordinary form of the transport equa-
tion, piecewise polynomials are used to construct
the approximations in the space and angular domains.
It should be mentioned, however, that spherical
harmonics have been used as expansion functions
over the angular domain, and this leads to a complete
elimination of the ray effects.?

The application of the finite element method
in both variables r and § has two advantages when
compared to the corresponding treatment of the
ordinary, first-order form. First, since the operator
in transport Eq. (97) is self-adjoint, the corresponding
matrix M is symmetric and the equation is amenable
to solution by iterative techniques.®%°7192 The second
advantage is that the domain of the angular variable
for Y+ is halved, so that fewer angular finite elements
are needed to obtain the same precision.

On the other hand, the frequently encountered
specular reflection boundary condition cannot be
treated as a natural condition, and therefore special
expansion functions must be used for the even-order
equation. An additional disadvantage of this equation
arises from the fact that the even parity flux depends
on the angular fluxes in the & and - directions.
Consequently, the resulting numerical method is
implicit and cannot be solved iteratively by following
the neutron trajectories.”” Still other difficulties with
the method are encountered in the treatment of
tenuous media [see Eq. (98)] and in the incorpora-
tion of anisotropic scattering.

The finite element form of the even-order trans-
port equation circumvents the nagging concerns
with such troubles as the ray effect arising in the
discrete ordinates method, alleviates flux oscillations,
and offers a direct representation for complicated
geometries. Nonetheless, the inherent limitations
of this finite element method have made it unattrac-
tive compared to the highly developed discrete
ordinates approach.”?” However, this may change

reobD .

102y C. YUAN, E. E. LEWIS, and W. F. MILLER, “Itera-
tive Solution Methods for Two-Dimensional Finite Element
Approximations in Neutron Transport,” Proc. Conf. Computa-
tional Methods in Nuclear Engineering, Charleston, South
Carolina, April 15-17, 1975, CONF-750413, Vol. 11, p. 1II-
85, U.S. Energy Research and Development Administration
(1975).
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with the parallel processing available on vector com-
puters. For example, it recently has been reported
that a discretization of the even-parity form of
the transport equation using discrete ordinates in
angle and finite elements in space is superior to
the conventional discrete ordinates approach in
plane geometry.!%3

II1. INTEGRAL EQUATION METHODS

The basic approach for the treatment of the
integral form of the transport equation is to eliminate
the angular dependence by projecting the equation
onto the set of spherical harmonics, as in the Py
method. For a scattering law of finite order, the
resulting system of integral equations for the angular
moments of the flux is closed; this contrasts with
the Py approximation, which requires an extra
assumption to close the set. Nevertheless, the solu-
tion of even a few coupled integral equations is a
formidable task. Usually one considers the case of
isotropic scattering and sources, for which there is
only one integral equation.

In this section, three basic numerical methods
[discrete integral transport (DIT), collocation, and
collision probability (CP)] are described and com-
pared for the isotropic scattering case. The DIT
technique results from the use of a numerical
quadrature formula, whereas the other two methods
are obtained by using a finite expansion for the
total flux. The collocation and CP methods follow by
use of the collocation and projection techniques
described in Sec. I.C.

Since the CP method is the most widely used
of the three, the subsequent discussion is focused
on this method.!®*1% First we describe the usual

135 E. LEWIS and C. D. SWANSON, “Comparison of
Vector Computer Methods for the Solution of Slab Geometry
Neutron Transport Problems,” Proc. Int. Topl. Mtg. Advances
in Mathematical Methods for the Solution of Nuclear Engi-
neering Problems, Munich, Germany, April 27-29, 1981,
Vol. 2, p. 549, Kernforschungszentrum Karlsruhe (1981).

1047, R. ASKEW, “Some Boundary Condition Problems
Arising in the Application of Collision Probability Methods,”
Proc. Sem. Numerical Reactor Calculations, Vienna, January
1721, 1972, p. 343, International Atomic Energy Agency
(1972).

105y EMENDORFER, “Physics Assumptions and Applica-
tions of Collision Probability Methods,” Proc. Conf. Mathe-
matical Models and Computational Techniques for Analysis
of Nuclear Systems, Ann Arbor, Michigan, April 9-11, 1973,
CONF-730414, p. VIII-136, U.S. Atomic Energy Commission
(1974).

1064 LEONARD, “Collision Probabilities and Response
Matrices: An Overview,” Proc. Conf. Computational Methods
in Nuclear Engineering, Charleston, South Carolina, April 15-
17, 1975, CONF-750413, Vol. II, p. III-15, US. Energy Re-
search and Development Administration (1975).
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CP flat flux (i.e., piecewise constant) approximation
in the one-dimensional and Cartesian x-y geometries.
The flat flux approximation is well suited for systems
with small dimensions. To make the CP method
practical for optically large media, a generalized
piecewise approximation can be constructed by
using several expansion functions to provide a good
representation for the gradient of the flux within
a zone.

Following this, application of the CP method
to problems with linearly anisotropic scattering
and sources is discussed for the one-dimensional
geometries. For these geometries, the neutron con-
tinuity equation allows for simplification of the
system of integral equations for the flux and net
current to a single integral equation for the flux.

In the special case of a homogeneous medium,
a quasi-analytical method, the spatial spherical
harmonics (SSH) method, results from use of a
continuous muitifunction expansion of the flux
within the CP approach. This method and an
equivalent method that deals with the Fourier trans-
formed equation, the integral transform (IT) method,
also are described for one-dimensional geometries
with isotropic and linearly anisotropic scattering.

Finally, we discuss the interface current and
transverse nodal methods. The philosophy behind
these two techniques is to divide a large medium
into subregions or nodes and to use a simplified
model to describe the transport between nodes.
A particular feature of the transverse nodal method
is that integration over one or two of the spatial
variables is used to reduce the problem to a set of
coupled one-dimensional problems.

Il A. Elimination of the Angular Variable

The angular variable is eliminated by projecting
the transport equation onto the set of spherical
harmonics {ch }. Applying the projection operators (5)
to integral Eq. (13) yields an infinite set of integral
equations

Vg =Tr(g+S-) ,

where Ty is the integral operator with kernel Qgt,
and

k=0,1,..., (103)

e=Ok¥ = 25 YLOYL)

<k

is the component of the angular flux on the sub-
space &. In terms of these components, the angular

17T LEFVERT, Prog. Nucl. Energy, 4,97 (1979).

1085 KAVENOKY, “Status of Integral Transport The-
ory,” Proc. Int. Topl. Mtg. Advances in Mathematical Methods
for the Solution of Nuclear Engineering Problems, Munich,
Germany, April 27-29, 1981, Vol. 1, p. 133, Kernforschungs-
zentrum Karlsruhe (1981).
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flux can be written as

Y=@4m" (o) +3Q-JO)+ 37 vi

k=2

where only the total flux ¢(r) and the net current
J(r) have direct physical interpretations.

The system of Egs. (103) is coupled through
the angular emission density g. With the aid of
Eqgs. (4) and (15), g is written as

K
g= IQ Qk+ 1) 'Sgur+S

where K is the degree of scattering anisotropy.
Consequently, in contrast to the spherical harmonics
formulation, the integral equations naturally separate
into two sets: a closed system of (K + 1) integral
equations for the unknown xp,’,, Il £k <K, and an
infinite set of equations for k£ > K giving the remain-
ing components in terms of the \,ch, k < K. For a
convex body, the closed system of integral equations
can be written explicitly, using Eq. (17), as

W= [ YL@ )dr

s2
+ L e [YLQ)1* Y _(rs, )R ,

O<|lI<k<K . (104

As before, £ = s/s withs =r — r', and y_ is the
incident flux at the point rp on the surface.

Although Egs. (104) involve only integral oper-
ators over space, their solution becomes overwhelm-
ingly complex even for small K. Therefore, we restrict
our attention to K < 1. For linearly anisotropic
scattering, the angular emission density becomes

g = (4m) [Ze0p(r) + 2o, Q- J()]1 + S . (105)
Hence the closed system of Eqs. (104) reduces to

¢ =4nGq + ¢
and

J=4nG(Qq)+J, . (106)
In these equations, G is the integral operator

(GO = [ g = Qar
defined in terms of the symmetric kernel
' e’
gr—or)=r— . (107)
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The uncollided flux ¢, and net current J, due to
the neutrons entering from the boundaries are

80= [ 7~ ¥y, 2R
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and

Iy = f Qe U _(ry, RN . (108)

As can be seen by these equations, an inherent
advantage of the integral transport approach is that
the flux and net current can be directly obtained
without a detailed calculation of the angular flux,
as opposed to the integrodifferential transport
formulation.

HI.B. General Solution Methods

In this section, the DIT, the collocation, and the
CP methods are examined for the case of isotropic
scattering and sources. Furthermore, to simplify
the discussion, the boundary contribution ¢, is
neglected for the moment. Then the transport equa-
tion with isotropic scattering and sources becomes
the so-called Peierls equation

¢=GF , (109)
where the volumetric emission density F(r),
F = Z:.S'0¢ + St s

includes the contribution from the total volumetric
source, which is now S; = 4#S.

II[.B.1. Three Numerical Approximations

A straightforward attack on integral Eq. (109)
follows by using the numerical quadrature tech-
nique discussed in Sec. 1.C. This procedure leads
to the DIT method.!%%!1% With the quadrature set
{r;,V;, i = 1 to N}, we obtain a system of algebraic
equations for the values of the flux at the nodes
ri,

¢i= Y PjViF; , i=1toN . (110
i

Here the index i denotes the value of ¢ and F at
the i"th node, and

Pyy=ge;~>r) ,

iti, (111)

is the uncollided flux at point #; created by a
unit isotropic source at point r;. Since g(r = r) in
Eq. (107) is singular, P;; cannot be calculated with
Eq. (111). One approach for removing the singularity
is to use the method of Eq. (31); the previous equa-
tions remain valid and!!%>12

Py = Vi [(Gl)(’i) -2 VjPij] (112)

J#i

19 CARLVIK, Nukleonik, 10,104 (1967).
10K KOBAYASHI and H. NISHIHARA, J. Nucl. Energy,
18, 513 (1964).
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The precision of the numerical integration is
affected by the irregularities of g(r' = r)F(r'). For
bodies comprised of homogeneous regions, F is
continuous except at interfaces between regions,
which suggests that (in one-dimensional geometries)
a separate Gauss quadrature formula be applied to
each region.

Let us now consider the use of the collocation
and projection techniques for the treatment of
the Peierls equation. The first step is to select the
representation functions {f;, i = 1 to N} used in
the expansion for the flux

¢=_E¢ifi .

To ensure a good approximation, representation
functions with homogeneous support are chosen:
The body is subdivided into homogeneous zones
and ¢ is approximated by a finite expansion on each
zone.

The simplest approximation, in which only one
function is used on every zone, is the flat-flux
approximation. For this approximation we take

1, reD; ,

fin) =
0,
where D; is the domain of the i’th zone; then the
¢; can be interpreted as the average flux in zone
i. If we select only one point r; per zone, the collo-

cation method gives a system of equations similar
to that in Eq. (110) provided we interpret the P;; as

(113)

(114)

otherwise ,

Py =vi' [ o >rofear (115)
where V; is the volume of the ;j’th zone. That is,
P;; is the uncollided flux at r; created by a unit
isotropic source uniformly distributed in zone j
(Refs. 113 and 114).

The projection method also yields Eq. (110),
but now

Py =" [ findr 50> npenar . (116)
The physical interpretation of this P; follows by
considering the product X;P;;, where X; is the total
macroscopic cross section in zone i. This product
is the first-flight collision probability in zone i for
neutrons uniformly and isotropically emitted from
zone j. For this reason, the method is known as
the CP method.!15"11?

g K. LOYALKA, Nucl. Sci. Eng., 56,317 (1975).

M2g K. LOYALKA and R. W. TSAI, Nucl. Sci. Eng., 58,
193 (1975).

1B E LEWIS, J. Nucl. Energy, 23,87 (1969).
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II1.B.2. Incorporation of Boundary Conditions

The previous results can be extended in a direct
manner to include the effects of two boundary
conditions. First we consider the use of the white
boundary condition defined in Eq. (12). This con-
dition is a homogeneous boundary condition and
therefore, as shown in Eq. (19), it can be included
in the definition of the integral operator. With the
aid of the reflected kernel of Eq. (20), we again
derive Peierls equation for isotropic scattering and
sources, but the kernel of the new operator G is

8

l__‘m Pr' > SHP(S—>r) .

gr'->r=gr'>r+

In this equation, with the notation of Eq. (20),
Por—5)=(4/HPS +r) = @m)" [ expl-ru()1dQ

where we recall that 4 is the surface area of the
body. Physically P@r — S) is the first-flight escape
probability for neutrons isotropically emitted at r,
and P(S -» r) is the total uncollided flux at r produced
by one neutron entering the body uniformly and
isotropically.

The three approximation methods can be applied
to the modified Peierls equation to again obtain
the system of Egs. (110), but with new matrix coeffi-
cients

P =P

B
it WPS/‘PiS ,

(117)

where Pgg is the transmission probability in Eq. (21).
In this equation, for the DIT method, we have

Psi =(A[)Pis=Par; = S) , (118)
whereas for the CP method
Psi = (A4[0Ps= Vi [ Pe~>S)fiwdr . (119)

141 BOSEVSKI, Nucl. Sci. Eng., 42,23 (1970).

1154, HONECK, “THERMOS: A Thermalization Trans-
port Theory Code for Reactor Lattice Calculations,” BNL-
5826, Brookhaven National Laboratory (1961); see also Nucl.
Sci. Eng., 8,193 (1960).

116R BONALUMI, Energ. Nucl., 8,326 (1961).

Wy FUKAIL, React. Sci. Technol., 17,115 (1963).

18] CARLVIK, “A Method for Calculating Collision
Probabilities in General Cylindrical Geometry and Applica-
tions to Flux Distributions and Dancoff Factors,” Proc. Third
Int. Conf. Peaceful Uses of Atomic Energy, Geneva, Switzer-
land, August 31-September 9, 1964, Vol. 2, p. 225, United
Nations, New York (1965).

9A. KAVENOKY, “Calcul et Utilisation des Probabil-
ités de Premiere Collision pour des Milieux Hétérogenes a Une
Dimension,” CEA N-1077, Commissariat a I’Energie Atomique
(1969).
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The quantities in the last equation have a direct
physical meaning. The Pg; is the first-flight escape
probability for neutrons uniformly and isotropically
born in zone i, and Z;P;s is the probability that
neutrons entering the body uniformly and isotrop-
ically will suffer their first collision in zone i. For
the collocation method, Ps; in Eq. (117) has the
form given in Eq. (118), while P;g is the one defined
in Eq. (119).

The second boundary condition we consider
is that of a body uniformly and isotropically irra-
diated with a constant angular flux Y, This is an
inhomogeneous boundary condition, and hence
we have to include the surface contribution in the
Peierls equation

6=GF+¢, .

With the aid of Eq. (108), the inhomogeneous term
may be written in terms of the total incident current
TA Y, as

$o = TAYP(S > r) .

Again all three numerical methods give a set of
equations analogous to Eq. (110),

¢ =3 PiV;E +1AoPs . i=1toN . (120)
7

III.B.3. Reciprocity and Conservation Relations

General properties of the solutions of the linear
transport equation should be employed to reduce the
amount of work needed to calculate the P, Pg;, P;g,
and Pgs. Although reciprocity relations are usually
derived from the reciprocity of the Green’s function,*
for the transport of uncollided neutrons they result
simply from the symmetry of the optical distance
7(r,r') = 7(r',r). In the DIT and CP methods, reciproc-
ity leads to the symmetry relation

P,"=P]‘,' , (121)

which is also valid for the “reflected” probabilities
P in Eq. (117), so that only the P; (or Py), i </,
need to be calculated. For these two methods, the
symmetry between Pg; and P;s shown in Eqs. (118)
and (119) is also due to reciprocity.

Conservation principles are formally obtained by
weighted integration of the Green’s function Eq. (14),
but for uncollided neutrons one can take advantage
of the fact that the medium appears to be purely
absorbing. In this latter case, the emission term Hy
in the integrodifferential Eq. (1) can be suppressed
and integration over the entire phase space gives

fa JudA = fD (S; - Zo)dr |

where J,(r) and ¢,(r) are the uncollided net current
and flux resulting from the angular source S(r, Q) of
total intensity S,(r).

3

(122)

We first apply this equation to the DIT method.
With S(r,Q) = (4n)'6(r — r;) and using the numerical
quadrature for the integral of X¢,, we obtain

Pg=1-2,ZViP; . (123)
i

Similarly, in the CP method, the same equation
is obtained (without the numerical integration)
with the source S(r,Q) = (4n¥;)'f;(r). Furthermore,
with an incoming surface source given by S(r,) =
~(wAYY(Q-n)d_(x), Eq. (122) yields

Psg=1- 25 Z:ViPs (124)
i

for both methods (where again the numerical integra-
tion has been used for the DIT formulation).

In the DIT method, Eq. (123) provides an alterna-
tive to Eq. (112) for the calculation of the diagonal
elements P; in terms of the P, { #j, and Ps; which
can be directly computed. Indeed, such a technique
was used by Carlvik in the original DIT method!®®
and provides better results, at least for plane geom-
etry, than those from the use of Eq. (112).

II1.B.4. Comparisons

The three numerical solution methods may be
compared from three points of view: their ability
to provide a good approximation for the flux, the
numerical effort required to calculate the elements
P;; of the collision matrix, and the treatment of
boundary conditions.

The collocation and CP methods are based on a
direct approximation of the flux, as in Eq. (113).
On the other hand, the approximation underlying the
DIT method is equivalent to a piecewise polynomial
interpolation of the product g(r' = r)¢(r’), which
tends to be less regular than the flux.

For the DIT method, the calculation of Py
requires only the evaluation of an exponential func-
tion, whereas one integration is required in the
collocation approach and two are needed in the
CP method. In the DIT and CP methods, the reci-
procity relation reduces by nearly a factor of 2 the
number of P;; to be calculated, so only N(N + 1)/2
coefficients have to be computed instead of the N?
required for the collocation method.

For boundary conditions involving uniform and
isotropic angular distributions, conservation relations
(123) and (124) and the reciprocity between FPg; and
P;g can be used to obtain the matrix coefficients Pg;,
P;s, and Pgg for the DIT and CP methods. Moreover,
for a perfectly reflecting surface (8 = 1), these rela-
tions ensure neutron conservation, a fact that is
crucial for cell calculations. For the collocation
method, however, each matrix coefficient must be
individually calculated; furthermore, to guarantee
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neutron conservation, the conservation equations
must be used to normalize the set of coefficients.

Although the implementation of the CP method
is more complicated, this method is by far the most
used of the three. For this reason, we will focus on
this scheme from now on.

II1.C. Collision Probability Method

Even with isotropic scattering and sources, the
solution of the integral equation for a general
geometry is a formidable task. If the geometry,
sources, and boundary conditions have the appro-
priate symmetries, however, the transport equation
can be simplified. This is the case for the three
one-dimensional geometries (plane, cylindrical, and
spherical) and the Cartesian x-y geometry, which we
consider in this section.

In one-dimensional geometries, the cross sections
depend on only one principal (spatial) coordinate &
and the transport equation can be reduced to an
integral equation involving only £ The principal
coordinate £ is given in Table II for the three
geometries: plane (a = 0), cylindrical (o = 1), and
spherical (o = 2). For the case of isotropic scattering
and sources, the Peierls equation can be written as

¢=G.F , (125)

where ¢ and F depend only on §. The integral oper-
ator G, is defined as??

Gof = f ga(§ = OF(E)E rdE
Dg

where the domain D; is in Table II. The kernel g,
is obtained from the kernel g of the general integral
operator as

ga(E’*£)=(£')‘°‘fS gr'>rdA' .
E’

(126)

In this expression the integration is performed over
the surface Sy containing all points with principal
coordinate §'.

Physically, the kernel g, (¢ ~ §) is the uncollided
flux at a point r with principal coordinate £ produced
by an isotropic source uniformly distributed over the

TABLE 11
Notation for One-Dimensional Geometries
Principal
Geometry a Coordinate £ Domain Dy w
Plane 0 Depth z [~a.,a] 1
Cylindrical 1 Radius p [0,a} 27
Spherical 2 Radius r [0,4] 4n
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surface SEI which emits (E’ )—a n/cm2. In the three
geometries, the kernels g, are!!%120

%EI(IZ’—E’I), a=0
£< 5 r-7
%J;) %‘ [Kiy(r +£) + Kiy(It =D,
g(E > 8=

a=1

g< - .
21rlgg’ fo RdR fexp[—(7 +7")]

tt
+exp(-lf=1D}, a=2.

127

In plane geometry, the kernel depends on the
exponential integral function,’

1
E(x)= fo exp(—x/0) "2t

and ¥ is the optical distance in direction z between
the plane of principal coordinate z = § and an arbi-
trary reference plane. In cylindrical geometry, the
kernel requires calculation of the Bickley-Naylor
function!?!

w/2
Ki,(x) =f0 exp(—x/sinf)(sind)" 1do .

For both cylindrical and spherical geometries, (< =
min(§, £, t = (§82 -~ R*)!? is the distance OP in Fig. 1,
and 7 is the corresponding optical distance.

We now consider the application of the CP
method for multilayered one-dimensional geometries.
Then we may order the zones in increasing values of
the principal coordinate so that the i’th zone corre-
sponds to & < £ < §;,,, with £, = —a in plane geom-
etry and O otherwise, and §y4¢ = a. For the flat-flux
approximation of Eq. (114), the fluxes ¢; satisfy the
system of Eqs. (110). After eliminating superfluous
integrations over infinite domains, the collision
probabilities of Eq. (116) become

£i+1 Ej+1
L= AR o ' o g ¢!
Py = w(ViV}) fa zdzjsj_ g (8 = B(E ) dE
(128)
Here the “volumes’ are
— §i1 Nage! — W ool _ pa+l
Vim e [ @ = S - ET
(129)

and the w values are given in Table II.

120R. SANCHEZ, “Application de la Méthode de Galerkin
a la Résolution de I'Equation Intégrale du Transport Unidi-
mensionnelle,” CEA-N-1793, Commissariat a I’Energie Atom-
ique (1974).

2w G. BICKLEY and J. NAYLOR, Philos. Mag., 20,
343 (1935).



NEUTRON TRANSPORT 513

N

|I<—:U—>'

¢ 3

Fig. 1. Explanation of symbols for g,(¢ — £) in cylindrical
and spherical geometries. In cylindrical geometry the figure
represents a cross section normal to the axis of symmetry; in
spherical geometry it represents a cross section passing through
the origin. (The length ¢ is the distance OP and 7 is the optical
distance OP.)

The main task in the implementation of the CP
method lies in the calculation of the collision proba-
bilities, which we now discuss for the three one-
dimensional geometries.

III.C.1. Plane Geometry

In this geometry, the argument of the exponential
integral function is linear in ¢ and §':

E-E=L-E+nG-8)-TiE-& . (130
Then, using the formula dE,,(x)/dx = —E,(x), the
two integrations in Eq. (128) can be done analyt-
ically. Each of the integrations increases by one the
order of the exponential integral function. The result-

ing flat-flux collision probabilities are written, in
concise notation, as

(CV)'-QE V) HGEL(E - E') + 81

N Z,Z;#0
eV sen HE(E-E) |
2, #0

;=0 . (131)

Here, sgn is the sign of (& - &), H; and its counter-
part H; are the difference operators

Hif(§,8)=fi,8) - f(&,E)
and

If(£,8) = f(§,5) ~ FEE) (132)

and H;; acts as the operator H,H; and therefore gives
rise to four terms.

Although in general each P; requires the calcula-
tion of four exponential integral functions, the total
number of functions to be evaluated is nearly halved

by virtue of the common terms. In practice, values
of a given exponential integral function can be
directly calculated using a rational or polynomial
expansion or, if there is sufficient computer memory,
by interpolation from tabulated values. Once the
E, values are known, the £, values can be calculated,
if needed, from the recursion relation

Epn(x)=1e™=xE,()l/n , n=1 . (133)

In lattice calculations, specular reflection at the
surfaces of the cell is handled by extending the
domain of integration to infinity by repeated sym-
metries of the original cell. Then, for a given zone i,
the collision probability P;; is calculated by integra-
tion over zone j and all its images until the next
layer makes a negligible contribution.® Less physical
boundary conditions that involve isotropic incident
angular distributions can be treated in the manner
discussed in Sec. I1L.B.

ITIL.C.2. Cylindrical and Spherical Geometries

For these geometries, since the kernel is defined
in terms of an integral, the collision probabilities in
Eq. (128) involve three integrations. The order of
integration is interchanged so that the integrals over
£ and ¢ can be done first. Then, changing variables
to ¢ and ¢, respectively, and observing that (¥ £7') is
linear in ¢ and ¢’ [in a manner similar to Eq. (130)],
the integrations in ¢ and t' can be performed analyt-
ically. The result is

Py = (V)" [f: Fi(R)R*'dR + 5:7] , (134)
where r<<=min(§;+,&;+1).
In cylindrical geometry, the F;; (R) are
=2 V) Hy [ Kiy(IT-T'|) - Ki(T+ 7)),
7y = Z%; #0
2V (e — 1)) HLsgn Kip(1F ~ 7))
-Ki,(t+1)] , Z;#0, Z=0,

where the notation is that of Eq. (132) and Fig. 1,
and use has been made of the formula dKi,.,/dx =
—Kiy(x). The corresponding expressions in spherical
geomefry are

2% V) Hiylexp(-|7 = 1) - exp[-@ + F)]}

2,5 #0

2oV Mt ~ 1) H; dsgn exp(=17 = T'])
—exp[-(F+7)} , Z;#0 ,

Fl’/’ =

Ej=0 .

The integration over R in Eq. (134) must be done
numerically, but some precautions must be taken to
avoid a loss of precision caused by a singular behavior
of the integrand. For example, in the calculation of
P;; and P; ;4y, the argument (7,4, — 7;) vanishes as R
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approaches the upper limit of integration &, and this
causes the integrand to have an unbounded derivative
at that point. To avoid the loss of precision, the inte-
gral is decomposed such that

£+ i Ek+1
R)dR = R)YdIR .
jo F(R) 12 L CI®)

Then, after elimination of the singularity by a change
of variables with R = £, — x?%, each integral on x is
done with a Gauss-Legendre formula.!!®

For every integration node, each P; requires
calculation of up to eight functions, but again this
number can be reduced by nearly a factor of 2 by
careful numerical programming. For cylindrical
geometry, the calculation of the Ki functions can be
performed using either rational'?? or polynomial
expansions, or tabulated values. It should be men-
tioned that for a homogeneous sphere the integration
over R in Eq. (134) can be done analytically in terms
of the exponential integral functions of order 3, 4,
and 5.

Let us now consider the treatment of boundary
conditions. For white boundary conditions, the most
expedient approach is to replace the collision proba-
bilities by those of Eq. (117). Then all the surface
coefficients Pss, Psj, and P;s can be evaluated using
reciprocity relation (119) and the conservation equa-
tions (123) and (124). In the case of an inhomo-
geneous, isotropic-boundary condition, the same
procedure will yield the P;g in the surface terms of
Eq. (120).

I11.C.3. Two-Dimensional Cartesian Geometry

Another case in which the integral equation
can be reduced to a manageable form is that of a
geometry in which the cross sections, sources, and
boundary conditions are independent of z. Also,
often the sources and boundary conditions (and
thus the angular flux) are taken to be symmetric in
angle with respect to the xy plane. Then, for isotropic
scattering and sources, Peierls’ Eq. (109) appears as

(b:Gx_VF s (135)

where the emission density and flux depend on the
two-dimensional variable & = (x,y). The integral
operator Gy, is

Gof = [ 8 (€ > DIE)AE

with kernel

8xy(§ _>§)_f_wg(r —>rydz TomE-¢

122] GARGANTINI and T. POMENTALE, Comm. Assoc.
Computing Mech., 7,727 (1964).
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Here 7y, is the optical distance measured in the xy
plane between &' and §, the projections of r’ and r.
Physically, gy, represents the uncollided flux at r
due to an isotropic line source, of unit magnitude per
unit length, which passes in the z direction through
the point £&'.

To apply the CP method to this geometry, the
two-dimensional domain of the ¢ variable is decom-
posed into homogeneous zones. As before, the use of
the flat-flux approximation gives the system of Egs.
(110) with

Py= ) [ dk [ g > pdt’
i {

where D; is the domain of the i’th zone of volume V.
The analytical evaluation of this expression is simpli-
fied when the integration is performed following the
projection of the neutron trajectories on the xy plane
(i.e., from & to §). To do so, the coordinates are
changed from (¢',¢) to (R,9,7,t") as shown in Fig. 2.
The Jacobian of this transformation is |¢' — &|/£€, so
that

Py = QuV V! f Ki\(ry,)dRdgdtdt’ . (136)

Along the line of integration defined by fixed R and
¢, the optical distance 7y, is linear in t" and ¢. Hence,
the integration over these two variables can be done
analytically to yield

Pl-f=<ziV,-)'l[ Fif(R’¢)de¢+5i/] (13D

where
- % V) HyKiy(1T-T'))

5, %;#0
Fij(R,9) = . o
QrVy) '(tj+1 — t)H; sgn Kip(I11 = 1)),
S,#0, %=0.

Here, 7 is the optical distance along the line of inte-
gration corresponding to ¢, and f; and ¢4, are the
coordinates of the intersection of this line with the
boundary of zone i (see Fig. 2).

A special case arises if the geometry is invariant
under rotation, so that the zones { and j can be
chosen to be annuli. Then the ¢ integration yields a
factor of 27 and Eq. (137) reduces to the one-
dimensional cylindrical geometry form obtained
before. The integrations in Eq. (137) must be carried
out numerically. To minimize the number of Ki
functions to be evaluated, a single mesh of integration
is used for all the P;. In practice, the trapezoidal
integration formula with equal weights is used for
both R and ¢ to define the mesh of integration.
Implementation of this integration scheme requires
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Fig. 2. Schematic diagram of natural coordinates for two-
dimensional geometry.

development of a computer “tracking” subroutine
for calculating the intersection of the lines of integra-
tion with all the zones. To maximize computing
efficiency, specialized subroutines are developed for
each different geometrical configuration.'3"1?8 Never-
theless, this geometric calculation can be quite time
consuming and, in a multigroup problem, the compu-
tation of the Pj; is done in two stages: First, the
tracking subroutine is used and the geometric data
are stored, and then these data, together with the
cross sections, are used to calculate the Pj; for every
energy group.

Finally, it should be mentioned that the CP
method also has been used for the treatment of a
two-dimensional -z geometry.12%13

1234 AHLIN, “Instructions for the Use of the CLUCOP
Programme,” RFN-202, ENEA Computer Programme Library
(Nov. 1965).

1241 AMYOT and P. BENOIST, Nucl. Sci. Eng., 28, 215
(1967).

125K . TSUCHIHASHI, “CLUP 77: A Fortran Program of
Collision Probabilities for Square Clustered Assembly,” JAERI
1196, Japan Atomic Energy Research Institute (Jan. 1971).

1264 J. JANSSEN and L. M. CASPERS, Aromkernenergie,
21,27 (1973).

27 W. ANDERSON, “The WIMS‘E’ Module W-PIJ—A
Two-Dimensional Collision Probability Code with General
Boundary Conditions,” AEEW-R 862, UK. Atomic Energy
Authority, Winfrith (1973).

1287 STANKOVSKI, “Dvodimenzion alno Tretiranje
Transporta Neutrona u Heterogenoj Sredini Galerkin-Ovom
Metodom,” Univerzitet u Beogradu, Thesis (Dec. 1977) (in
Serbo-Croatian).

124, H. W. PITCHER, “PRIZE: A Program for Calculat-
ing Collision Probabilities in R-Z Geometry,” AEEW-M469,
UK. Atomic Energy Authority, Winfrith (1964).
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I11.C.4. Multifunction Expansions

The flat-flux CP approximation converges toward
the exact solution as the number of zones N
increases. Since the number of P; to be computed
varies as N2, the calculation of an optically large
medium, or one in which there is a strong flux
gradient, can become impractical. This problem is
further aggravated if a numerical integration is
needed in the calculation of the P;;; for instance, in
cylindrical geometry, the number of Bickley-Naylor
functions to be evaluated varies as N3. To improve
the efficiency of the CP method in such cases, two
variations have been developed. One approach is to
use more than one expansion function per zone, so
that local flux gradients can be taken into account;
a second approach is to subdivide the optically large
media into subdomains or cells that can be efficiently
treated with the CP method, and couple the solutions
via interface currents as discussed in Sec. IIL.F.

The rate of convergence of the CP method can
be improved if more than one expansion function is
used per zone to construct an approximation for the
flux of the form

o=7,0kF . (138)
ik
As in the flat-flux approximation, the body has been
divided into N homogencous zones denoted by
subscript i. The function f¥is defined in zone i and
vanishes everywhere else, and superscript k£, &k = 1
to K;, is used to distinguish different functions in the
same zone. For convenience, the expansion functions
are orthogonalized according to
[ stflar= 5,84V, . (139)
where V; is the volume of zone i; to be consistent
with the flat-flux approximation, we set f = 1 in
zone i. With expansion (138), the projection tech-
nique yields the following system of CP equations
for the coefficient ¢

¢! =ZI>PI.’;.1V/.F]-’ , i=1toN, k=1toKk; .
I

(140)
Here F]-’ = Zm,fqb} + Sfi, and the generalized collision
probabilities P,-’}l are defined as
B = vy [rimar [s¢ > genar (4

and satisfy the reciprocity relation Pi’}’ = P/-[,k.

130p W. JOHNSON and D. L. NUNN, “A New Version of
the PRICE Program for Collision Probability Calculations in
R-Z Geometry,” RD/B/N 1410 RPLC/P256, Central Electric-
ity Generating Board (Oct. 1969).
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The functions f¥ must be chosen to provide a
reasonable expansion for the flux and, if possible,
be such that some of the integrals in Eq. (141) can
be performed analytically. In particular, for the three
one-dimensional geometries with principal coordinate
£, these “integrability conditions” require that f,—k(s)
be a polynomial in £ of degree k, with s = | in plane
geometry and s = 2 in the other two geometries.??

For pragmatic reasons, a constant number of
expansion functions per zone Kj is used for all zones.
This value of K; should be small, or otherwise there
is loss of accuracy in the P{}l. This is caused by
numerical difference effects (i.e., errors arising from
taking the numerical difference of two nearly equal
numbers). In the past, two terms have been used in
the treatment of one-dimensional'?®!35132 and two-
dimensional’?® x-y geometries. Even for two-term ex-
pansions, one must use double precision to mitigate
the numerical difference effects. In plane and cylin-
drical geometries, multifunction expansions require
the evaluation of exponential integral and Bickiey-
Naylor functions of several orders, respectively; then
Eq. (133) and recursion relation

(n— DKi(x)=(n— 2)Ki,_(x)
+ X [Kip-3(x) = Kip-y(x)]

should be used. It should be mentioned that three-
term expansions also have been used with the closely
related collocation method.133:134

III.D. CP Method with Anisotropic Scattering

In the integral equation formalism, the number of
equations to be solved increases rapidly with the
degree of anisotropic scattering so a straightforward
numerical treatment is impractical. Moderately aniso-
tropic scattering, however, can be approximately
included in the formalism by using the so-called
“transport correction” to modify the cross sec-
tions.!3* Nonetheless, in one-dimensional geometries

1317 .M. BRUN and A. KAVENOKY, “Acceleration Tech-
nique for the Solution of Boltzmann Integral Equation,” Proc.
Conf. New Developments in Reactor Mathematics and Ap-
plications, Idaho Falls, Idaho, March 29-31, 1971, CONF-
710302, Vol. II, p. 739, U.S. Atomic Energy Commission
(1971).

1327 TAKEDA and T. SEKIYA, J. Nucl. Energy, 27, 15
(1973).

1337 LIGOU, J. STEPANEK, and P. A. THOMI, “Forme
Intégrale de I'Equation du Transport-Applications Polyno-
miales et Diffusion Anisotrope,” Proc. Sem. Numerical Re-
actor Calculations, Vienna, January 17-21, 1972, p. 231,
International Atomic Energy Agency (1972).

1345 LIGOU, Nucl. Sci. Eng., 50, 135 (1973).

1354 LORAIN, “Modéles Synthétiques de Ralentissement
des Neutrons et Méthode Cy—Application a I'Interprétation
des Expériences Exponentielles Rapides,” Université de Paris
Sud, Thése Doctorat d’Etat (1972).
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it is possible to define a “mixed” method,'®* in which
some of the integral equations are replaced by differ-
ential equations from the Pp formalism. These Py
equations can be analytically integrated to obtain
some of the angular moments of the flux and the
remaining moments can be calculated by solving
integral equations. In particular, in plane geometry,
for any degree of scattering anisotropy, all the
angular moments may be calculated from the Py
equations in terms of the scalar flux. The flux is then
calculated by solving a single integral equation.??

A special case considered here is that of the three
one-dimensional geometries (for a = 0, 1, or 2) with
linearly anisotropic scattering and sources. Then,
in the notation of Table II, the current is in the
direction of the gradient of the principal coordinate
£, n = V&, so that a single integral equation for the
flux ¢ can be obtained by use of the neutron con-
tinuity Eq. (24). Integration over volume of this
equation yields

3
J(§=¢"° [J(0)+f0 C(E')(E')“dé'] ,  (142)

where C(§) is the effective volume source S; — Z,¢.
Here J(0) = 0 except for the nonsymmetric slab, in
which case J(0) is calculated by specializing the
second of Eq. (106) to the origin.

With the aid of Eq. (142), the angular emission
density ¢ in Eq. (105) can be explicitly evaluated in
terms of the flux. Replacement of the resulting
expression for ¢ in the integral equation for the flux
yields

¢ =G F+ G F+¢,, (143)

where
F=3,J+8, .

Here S, is the linearly anisotropic component of the
source, as defined in the equation

S(r, Q) = (4n)[S/(r)+ Q-nS| (D] .

The integral operator G, is the one given in Eq.
(126), and G, is similarly defined, but with the
anisotropic kernel

& >H=E)" s gr' > nQ-n'dd’ .
E’

This kernel is the uncollided flux, at a point of prin-
cipal coordinate §, originating from a surface source
of the form

S(¢,9) = (478 - £) (R n) .
This source has a zero total intensity but a net
current of J(§) = (3£%)18(¢ — £ )n.
For the three one-dimensional geometries, and

with the notation of Eq. (127), the anisotropic kernel
g iSl20
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-SsenEy(E-FD ., =0

2L
¢
+sgn Ki,(IT-7D1, a=1
r<

IO R—‘:B{exp[~—(?+7')]

a=2, (144)

) dTR [Ki (7 +T")
(8> 8=

“2mgg
+sgn exp(-|7-7'D} ,

where sgn stands for the sign of (¢’ - §).

With the projection technique, the numerical
solution of Eq. (143) is accomplished using the multi-
function expansion for the flux, as in Eq. (138),
and a similar expansion for the isotropic component
S; of the source. The next step is to obtain an
expression for F. First, expansions for the emission
density F and the effective source C are directly
obtained from those for ¢ and §;. The expression for
C is then substituted into Eq. (142) to yield the
current

J(§) = (&85 + 20 CHRE) (145)
k

for the zone §; < £ < §;4,. Here CF= S - 2,,0F, and

- (£ o ,
A [ @ e E<e<ta

0 , otherwise . (146)

With the help of orthogonality Eq. (139) and the
volume of Eq. (129), we calculate from Eq. {142)
the quantity

Q=gJE)=JO)+w™ 25 V,CH,
j<i

where  is the angular factor in Table II; this means
that the current in Eq. (145) can be written as

TORD> [c%-a ; }3 C"f"]

Assuming now a similar expression for the anisotropic
portion §; of the source, one obtains the expansion
for F,

(147)

P |mee T e,

with the components Fk g, ,Ck + Sk for k = 0.

At this point we have expansions for ¢, F, and F
and we can obtain the CP formulation by projecting
Eq. (143) onto the expansion functions fl-’ﬂ The result
is

¢ =23

i

y-j

i=1toN ,

i 8T o

k=1toK; , (148)
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where the Pl-k-’ are those of Eq. (141) (for one-dimen-
sional geometry). The anisotropic probabilities are
defined as

Pl = (V7! f 'fHEyEdt j g(E > )

X FlE &) aE

for / > 0, and by a similar expression for / = 0 except
that £/(£") is replaced by (§')™.

Next we consider the numerical calculation of the
anisotropic probabilities, which depend on the form
of the f and f functions. As discussed before, to meet
the “integrability conditions” for the usual P i the
f must be a polynomial in £ of degree k, withs=1
in plane geometry and s = 2 otherwise; th1s choice
also means that the integral over £ in Eq. (149) may
be done analytically. From Eq. (146) it can be seen
that f’ is of the form of { times a polynomial in £
of degree [ plus a term proportional to £°¢. Use of
this f in Eq. (149) permits an analytic integration
over ¢ in plane geometry, but not in cylindrical and
spherical geometries. In the latter cases it is necessary
either to make some approximation or to use a

numerical quadrature for the integral containing the
E-—oc terms.120,131‘ 134,136

(149)

The anisotropic probabilities P do not obey
direct symmetry relations in nonplane geometries,
so that both Pk’ and P”‘ must be calculated. However,
for a white boundary condition, Egs. (117), (119),
(123), and (124) can be extended to the anisotropic
probabilities. 132

HIE. Integral Transform/Spatial Spherical
Harmonics Method

Convergence of the flux in the CP method is
accomplished by increasing the number of spatial
zones while using a constant number of expansion
functions per zone. In the case of a homogeneous
medium, a more attractive scheme can be constructed
by using only one zone for the entire medium and
expanding the flux in an ever-increasing number of
expansion functions. For one-dimensional geometries,
this scheme provides a very accurate and fast tech-
nique.

Multimode expansions in the spatial variable have
been developed by two independent approaches. The
first, formerly called the Jy method!¥"'%® and now
more commonly known as the integral transform

1361, TAKAHASHI, Nucl. Sci. Eng., 24, 60 (1966).

1377, ASAOKA, Y. NAKAHARA, and K. SAITO, J. Nucl.
Energy A/B, 18, 665 (1964).

13T ASAOKA, J. Nucl. Energy, 22,99 (1968).

BT, ASAOKA, Nucl. Sci. Eng., 34,122 (1968).

1907 ASAOKA and E. C. BONANNI, J. Nucl. Energy, 26,
605 (1972).
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(ITy) method,'*"15° js based on a biorthogonal
expansion of the kernel of the Fourier-transformed
integral operator. The second approach, which uti-
lizes an expansion of the flux in spatial spherical
harmonics,'*5152 has been shown to be formally
equivalent to the ITy method.!s3

Both approaches are projection methods. The
ITy method is, in essence, a projection technique
applied to the Fourier-transformed integral transport
equation; on the other hand, the spatial harmonics
approach uses a straightforward projection technique
to solve the usual integral transport equation. Since
both approaches are currently used in the literature,
we treat them separately, and consider first the ITy
method.

III.E.1. Isotropic Scattering

For simplicity we first consider the case of iso-
tropic scattering and sources. For a homogeneous
body, the transport kernel of Eq. (107) becomes a
convolution kernel

gr' > ry=g(r)=(4nry exp(-Zr) ,

where r = |r' — r| and T is the constant total cross
section. With the definition of the convolution
product

frxfo= e = epar
where ¢ = (2m)3/2, the Peierls Eq. (109) becomes
p=cg*(OF) . (150

The domain of integration has been extended to
infinity by assuming that the medium is uniform

14y C. BOFFI and V. G. MOLINARI, “Heterogeneous
Methods in Neutron Transport Theory,” RT/F1(68)30, Com-
itato Nazionale Energia Nucleare, Rome (1968).

1921 KSCHWENDT, Nucl. Sci. Eng., 36,447 (1969).

1434 HEMBD, Nucl. Sci. Eng., 40,224 (1970).

144Dy C. SAHNI, J. Nucl. Energy, 26,367 (1972).

1454, HEMBD and H. KSCHWENDT, J. Comp. Phys., 10,
534 (1972%.

146\, COPIC, Nucl. Sci. Eng., 49,370 (1972).

1474 . M. MELANDRI, F. PREMUDA, and G. P. PRELATI,
Nucl. Sci. Eng., 55,225 (1974).

145R . SANCHEZ, “Généralisation de la Méthode d’Asaoka
pour le Traitement d’une Loi de Choc Linéairement Aniso-
trope: Donnéés de Référence en Géometrie Cylindrique,” CEA
N-1831, Commissariat a I’Energie Atomique (1975).

199, PREMUDA and T. TROMBETTI, Quart. J. Mech.
App. Math., 29, 101 (1976).

150y C. BOFFI, V. G. MOLINARI, and G. SPIGA, Nucl.
Sci. Eng., 62,332 (1977).

181 CARLVIK, Nucl. Sci. Eng., 31,295 (1968).

152 B. DAHL and N. G. SJOSTRAND, Nucl. Sci. Eng.,
69,114 (1979).

1537 MIKA and R. STANKIEWICZ, Nucl. Sci. £ng., 36,
450 (1969).
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everywhere. Furthermore, the solution is constrained
to the initial domain D by use of the discontinuous

function
1,
)
0,

The next step is to apply the Fourier transform to
convolution Eq. (150). With the definition

rebD

otherwise

1'®) = ¢ [ 7y exp(-ib-rdr

where the superscript ¢ denotes transformed func-
tions, we obtain

¢t= cgt(et * Ft) .
Here use has been made of the identities

(=) =fifi

(151)

and
W) =fl*f] .

To proceed further we assume that the kernel
of the convolution operator '+ admits a biorthog-
onal expansion of the form

6'(b - b=V 23 x, (b} .
k

(The reader should note that, in contrast to our
earlier convention, subscripts are now used to dis-
tinguish between functions in the single zone.) Here
V is the volume of the body, and the superscript
dagger denotes the complex conjugate. Moreover, we
assume that the family of functions {x;} is complete,
and that they are orthogonal such that

o) = [_ [ ®)x,®)db = Vi .

The ITy method is obtained by applying the
projection technique on the subspace Ey of functions
subtended by {x;, ¥ = 1 to N}. The transformed flux
is expanded as

(152)

o'= 25 bk (153)

k<N

and, after use in Eq. (151), the result is projected
onto {x};, k=1 to N}. This yields

o=V 2, PuF;, k=1toN , (154)
)

where the components of the emission density are
Fr=v [ X{®)F B)db =29, + S, ,
and the matrix coefficients are

Py=cV? L X}b)g' (b)x,(b)db . (155)
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Let us now consider the problem of obtaining the
biorthogonal expansion for the kernel 8'(d - b').
This problem is equivalent to solving the eigenvalue
problem 6 # x; = \;X,;, which has a solution because
the operator 6'# is compact.'®® An inverse Fourier
transform of this equation yields the eigenvalue
equation 0f; = N.f, with x; = f. The only possible
solutions of this equation are those corresponding
to Az =0 or A, = 1. In the first case the eigenfunctions
are those functions which vanish in D, whereas in the
second case the eigenfunctions are those functions
which vanish outside D. Since the Fourier transform
of an eigenfunction corresponding to A; = 0 belongs
to the kernel of the operator §'*, the solution of the
problem is obtained by constructing a complete
family of functions {fi} which vanish outside D.
Furthermore, to obtain the normalization condition
Eq. (152) we must orthonormalize the f; by

[ ornrdr=vsy .

At this point one might wonder whether it would
be possible to use the {f;} to directly expand the flux
without any Fourier transformation. In fact, this is
the basic idea of the spatial spherical harmonics
(SSHy) method, which is similar to a CP method for
a single zone. The muitifunction expansion for the
flux takes the form

o= 25 ol . (156)

k<N

With a similar expansion for the source, application
of the projection technique to the Peierls Eq. (150)
yields an equation similar to Eq. (154); now, how-
ever,

Pu=V7 [ furydr [ g’ > Dfear .

The ITy and the SSHy methods are equivalent
for the case when x; = ff. Indeed, use of Parseval’s
formula

(157)

L, i (rdr= L FHOIHOLL

shows that the P; in Eqs. (155) and (157) are iden-
tical, so the coefficients ¢¢, k = 1 to N will be the
same in both methods. Therefore, the ITy solution
Eq. (153) is just the Fourier transform of the SSHy
solution (156).

The Py satisfy the reciprocity relation Py = Py.
Furthermore, for an isotropic surface condition,
conservation relations Egs. (123) and (124) are also
valid.

Both the ITy and SSHy methods often have been
applied to one-dimensional geometries. In the SSHy,
approach, the f; spatial modes are Legendre poly-
nomials in plane geometry,'5! and Legendre poly-
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nomials in terms of the square of the radius in
cylindrical geometry.'*® (Note that this choice is
in agreement with the integrability requirements
discussed in Sec. III.C for the multifunction expan-
sions.) For both cases, the Legendre polynomial
recursion relation leads to a recursion relation for
the Py;. For the 1Ty method, the Fourier transform
of these polynomials is used for the expansion
functions x(b); the calculation of the P using
Eq. (155) is obtained in terms of a rapidly converging
expansion.'®3

The problem for a homogeneous sphere can be
reduced to an equivalent plane geometry problem,
Indeed, the spherical geometry kernel of the Peierls
equation can be obtained in terms of plane geometry
kernels as

g2 > 5 = EEY [go(E > &) ~go(-E > )] .
Then the transport problem for the flux ¢%(§) in a
sphere of radius a can be viewed as an equivalent
problem in a slab (—a,4) for the antisymmetric flux
o(¢) = E¢5(§), with an antisymmetric source defined
in a similar way. Consequently, the spherical case can
be treated with the plane geometry formulation using
only odd f; functions.

The ITy and SSHy methods also have been ap-
plied to two- and three-dimensional problems,!4%154
and to the multilayer plane geometry,!® and have
produced accurate calculations for the one-dimen-
sional critical and albedo problems.!*® In plane
geometry, anisotropic scattering situations have been
analyzed, and all the anisotropic matrix coefficients
can be obtained from the isotropic coefficients via
recursion relations. !5

IILLE.2. Linearly Anisotropic Scattering

The same reduction can be done for the three
homogeneous one-dimensional geometries in the case
of linearly anisotropic scattering. For simplicity, only
the symmetric slab will be considered so that for the
three geometries the net current vanishes at the
origin. Adopting the viewpoint of the SSHy ap-
proach, which is similar to a CP method for a single
homogeneous zone, we can rewrite Eq. (148) by
suppressing the summation over zones,

$k=V 3, (PuFy +PuF)) , k=1to N . (158)
]

(Observe that in agreement with the notation of this
section, we have written P¥ as P, with similar
changes for ¢{‘ and F¥, etc.) This equation has been
simplified by observing that with J(0) = 0, the term

154A. BASSINI, F. PREMUDA, and W. A. WASSEF, Nucl.
Sci, Eng., 71, 87 (1979).
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C? in Eq. (147) vanishes so that Fl = (0; also, the sur-
face contribution from Eq. (148) has been omitted.

To calculate the Py, we specialize Eq. (149) to
the present (single-zone) case:

Bu=wv CREEGCHEAE . (159

Here the integration over ¢ has been identified with
the action of the integral operator G, on f;. To
evaluate this integration, it is convenient to use
a relation between the isotropic and anisotropic
kernels,#8

A [(£)%8.(8 > 1 =Z(§) g (8 > H -8 - &) .
After integration by parts, we obtain
Gufy = 2GufT" - 11,
where we have defined
# _ & o —o ! ¢ " o7 6!
fr®= [ @rea J. EnEyay

Recalling that {f;} is a complete family of functions
we can expand the function f,* as

(160)

=2 \fxe (161)
k

where

=V [ (@ fdr .

Finally the f’kl in Eq. (159) are calculated using
Egs. (160) and (161) to obtain

Pu=2 3 NowPom— M -
m

The usefulness of this last expression arises from
the fact that, for the appropriate Legendre-spatial
modes, A;, = 0 except for m =1/, 1% 2 in plane geom-
etry and m = [, [ = 1 in cylindrical geometry.!4®
Consequently, for linearly anisotropic scattering, the
ITy/SSHy method of order N requires calculation of
the isotropic matrix, with elements Py, of order
(N + 2) for plane and spherical geometries and
(N + 1) for cylindrical geometry.

I F. Nodal Methods

In large geometries the integral equation treat-
ment becomes expensive because too many zones are
required to obtain sufficient accuracy for the flux.
Instead of abandoning the integral equation method
in favor of an integrodifferential equation method,
it is possible to utilize a nodal method.

The idea of a nodal method is to divide the
domain into regions (or nodes) and to use an approxi-
mation to describe the transfer between nodes. Either
the integral or the integrodifferential equation can be

SANCHEZ and McCORMICK

used to analyze the transport within each node;
usually a node is homogeneous, but for some solution
methods it can be heterogeneous. The solutions for
adjacent nodes are linked by using approximate
expansions for the angular fluxes entering and leaving
the nodes.

In a nodal method, only the unknown fluxes local
to a node are directly connected to one another. This
results in a set of dense matrices, one for each node,
that are connected by means of their interface values.
Consequently, such a method is amenable to a node-
by-node iterative solution in which the known incom-
ing angular fluxes and the internal sources are used
to calculate the outgoing angular fluxes.

A variety of numerical approximations have been
used in the development of nodal methods, but here
we shall consider only the interface current and the
transverse nodal methods.

III.F.1. Interface Current Method

The principle of the interface current method
consists of dividing a large medium into subregions
or cells and using a simplified model to describe the
transfer between cells,195:1557158 Although the analysis
of the transport within a single cell can be done with
any solution method,’%!5%160 we limit our descrip-
tion of the interface current method to the CP treat-
ment. Interface currents can be used to link the
solutions in cells of optically large media. This is
especially helpful for multidimensional geometries
where a direct application of the CP method would

'55A. LEONARD, C. T. McDANIEL, and W. P, PETRICK,
“A Modified Collision Probability Method for Non-Uniform
Lattices,”” Proc. New Developments in Reactor Mathematics
and Applications, Idaho Falls, Idaho, March 29-31, 1971,
CONF-710302, Vol. 1I, p. 644, U.S. Atomic Energy Com-
mission (1971).

1564, S. CHENG, C. T. McDANIEL and A. Leonard, “A
Nodal Integral Transport Method for Calculation of Two-
Dimensional Power Distributions in Non-Uniform Lattices,”
Proc. New Developments in Reactor Mathematics and Applica-
tions, Idaho Falls, Idaho, March 29-31, 1971, CONF-710302,
Vol. II, p. 655, U.S. Atomic Energy Commission (1971).

M. M. ANDERSON and H. C. HONECK, “An Interface
Current Technique for Two-Dimensional Cell Calculations,”
Proc. Conf. Mathematical Models and Computational Tech-
niques for Analysis of Nuclear Systems, Ann Arbor, Michigan,
April 9-11, 1973, CONF-730414, Vol. I, p. I-53, U.S. Atomic
Energy Commission (1973).

58R. SANCHEZ, Nucl. Sci. Eng., 64,384 (1977).

13R. J. PRYOR and W. E. GRAVES, “Response Matrix
Method for Treating Reactor Calculations,” Proc. Conf. Math-
ematical Models and Computational Techniques for Analysis
of Nuclear Systems, Ann Arbor, Michigan, April 9-11, 1973,
CONF-730414, Vol. 11, p. VII-179, U.S. Atomic Energy Com-
mission (1973).

160} L. BRIGGS and E. E. LEWIS, Nucl. Sci. Eng., 63,
225 (1977).
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require accurate mulitidimensional numerical quad-
ratures over large regions. Also, the interface current
(IC) method reduces the coupling of the spatial
variables, thus permitting an iterative cell-by-cell
solution. This results in a reduction of the computing
time necessary for the calculation of the collision
matrix and for the solution of the system of equa-
tions for the fluxes.

We present this method for the case of isotropic
scattering and sources. For every cell, the integral
transport formalism is used to obtain two equations
relating the scalar flux inside the cell ¢(r) and angular
flux leaving the cell . (r5,8) to the internal sources
and angular flux entering the cell, y_(ry,8). The
equation for the flux is merely the Peierls equation
with a surface source term,'*®

¢ =fg(r’ > P)Er')dr'

- 4n [ oty > (@m0 (rhBIAA",  (162)

where g(r' = r) is the collision kernel in Eq. (107).
In these equations, the volume integrals are per-
formed over the domain D of the cell, and the surface
integrals are over its surface dD. The equation for
the angular flux ., is merely Eq. (18) with ¢ replaced
by its isotropic form F/4w, so that

Y_(r, ) .

(e ., -
¢+-f0 S F()ds+e (163)

To simplify the notation, we do not use cell
indices, and will use an overbar symbol to indicate
the corresponding quantity in the adjacent cell (as
with . for Y., etc.). The solutions in adjacent cells
arg linked via the incoming angular flux ¢ _ which is
simply the angular flux leaving the adjacent cell, ..
This continuity condition for the surface angular
fluxes may be generalized to account for stationary
surface sources, as well as for an arbitrary trans-
mission or albedo factor #(r,, ' - Q):

Vo= ot [ 1@ > @), QAR . (164)
Here the integral over d§’ is over all directions enter-
ing the cell.

Equations (162), (163), and (164) for all the
cells form a closed system of equations. An approxi-
mate system can be obtained by a generalization of
the projection technique in which separate expan-
sions are assumed for the fluxes and the surface
angular fluxes. Each cell is first subdivided in N
zones, and the scalar flux is expanded in each zone
as in the multifunction expansion (138). The surface
of each cell is also subdivided into N, subsurfaces,
and on each subsurface a multifunction expansion is
used for the angular flux,

Vu(rp, ) = Z) f2 ., Q) . (165)
Here p = 1 to P, distinguishes the modes for each
subsurface a. The expansion function f? , is defined
on subsurface « for £§-n > 0 and is zero otherwise.
As before, we adopt the normalization condition
(139) for the spatial expansion functions, and also
normalize the surface modes with the conditions!38

f 2 oy FL (R (R m)dRAA = £(1 ALY 80gSps

where A, is the area of the o’th subsurface. The first
expansion function is taken to be a constant, which
gives f , = (mA,)"!; hence, J? , is the total neutron
current leaving (+) and entermg (-) the cell through
subsurface . For this reason, the J£ , may be called
the IC components.

To obtain the desired approximate set of equa-
tions, the expansions for the fluxes and the surface
angular fluxes are used in Eqs. (162), (163), and
(164), and the resulting equations are projected onto
the appropriate expansion functions. (Note that the
projections on the surface modes f7 , are done with
the weight +&-n.) The resulting system of algebraic
equations for each cell is!%®

=T A T B
Is

Je =3 PS VF"+Z) PRI
ik
and

a=JE +Z;A (166)

fori=1toN,k=11t0K;,,a=1toNpandp=1to
P,. To obtain this set of equations, we have also used
the appropriate expansions for the surface source Y,
and for the total volume source S,. Aside from the
coupling coefficients AZ5 that account for the trans-
mission or albedo factor, the third equation of set
(166) is merely an 1ndexmg that relates the mcommg
angular surface modes J* « to the outgoing ones J? +3

The matrix coefflclents in Eq. (166) are closely
related to collisionless probabilities. The first-flight
collision probabilities P¥ are those of Eq. (141),
while the generalized surface-to-volume, escape, and
transmission probabilities are given by!58

P =4V} f fHwrdr f gry~>r)
Xf2 (rp, Q) (R m)dA’
Pg:i = T(AaVl.'l ff’.k(r)dr fg(r - rb’)

X 13 o1y, Q) (R, n)dA’

and
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Pgrs, = —4m4, f 12 o1y, Q) (8- m)dA

X [ gty = r)f? 573, R (@, m'ydA
respectively. The coupling coefficients are

a2 =4, [ 2.0, ) (@)

X [[f 72 50 )10, @' > Q)aQiR'dA

and may be directly calculated without numerical
integration.

The time required for computation of the matrix
coefficients is greatly reduced by use of the reci-
procity relations!58

PklzPlk
P = 4(4,)PEY

and

A PS S‘3 —Aapggsa (167)
The form of the last two relations depends on the
relationship between f7 , and f£ ; here we have
assumed

fLary, ) =12 (r,~R) , Qn>0.

The procedure described in Sec. IIL.A can be used
to derive conservation relations for this formalism.
With the volume source S(r, ) = (4n V,-)'lfl-k(r) and the
definitions of collision and escape probabilities,
Eq. (122) reduces to

ok_E

Likewise, the surface angular source S(r,f2)
-(Q-n)f? (r,, ) and the definitions of escape and
transmission probabilities yield

7

Equation (168) is a statement of conservation for
neutrons emitted in zone { with spatial dlstrlbutlon
of mode k; it gives the total escape probability PSI for
uncolhded neutrons as the difference of the total
number of neutrons emitted minus the number
suffering a first collision inside the cell. Similarly,
Eq. (169) yields the conservation relation for neu-
trons entering the cell with angular mode p through
subsurface S,. When these equations are not used to
reduce the number of probability calculations, they
must be utilized as normalization conditions to guar-
antee neutron conservation.

We now consider the construction of the expan-
sion functions. The treatment of the spatial variable
simplifies if the cells are homogeneous, in which case
one may use only one zone per cell. For example, an

(168)

k
=85 ~ E z,.V,.P,.,." .
7

(169)
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arbitrary two-dimensional geometry may be repre-
sented with homogeneous rectangular one-zone
cells. 1561617164 T general, this procedure requires the
use of some prehomogenization that can be avoided
if curved elements are employed.!55:157:159,165 Thjg
spatial representation has the advantage that the
transport analysis within the cell is simple, but the
numerical results often depend heavily on the ap-
proximation at the interfaces.

On the other hand, the spatial variable may be
treated using more than one zone per cell. This mini-
mizes or eliminates the need for homogenization of
cells, and gives a scheme that is less dependent on the
approximation of the angular flux at the interfaces.
A composite-cell approximation, however, is highly
dependent on the geometry of the cells, and requires
a detailed transport calculation within the cells.15%15°

The simplest approximation for the angular fluxes
Y. and Y_ is to assume that they are isotropic (over
a hemisphere) and uniform on the entire surface of
the cell.!®® Such a procedure, however, is prone to
inaccuracies for cells in the vicinity of strong flux
gradients. Nevertheless, such an angular approxima-
tion has been combined with a cylindrical cell model
to obtain economical two-dimensional transport
codes.’871%° To overcome the limitations of this

161 MAYER, J. Nucl. Energy, 24, 337 (1970).

124, HAGGBLOM, A. AHLIN, and T. NAKAMURA,
Nucl. Sci. Eng., 56,411 (1975).

163C. MAEDER, “QP1, A Transport Program in x-y Geom-
etry Based on Function Expansions in Angle and Space,” Proc.
IAEA Specialists Mtg. Methods of Neutron Transport Theory
in Reactor Calculations, Bologna, Italy, November 3-5, 1975,
CONF-751152, International Atomic Energy Agency (1976).

164y STEPANEK, “The DPN and QPN Surface Flux
Integral Transport Method in One-Dimensional Geometries
and in x,y-Geometry,” Proc. Int. Topl. Mtg. Advances in Math-
ematical Methods for the Solution of Nuclear Engineering
Problems, Munich, Germany, April 27-29, 1981, Vol. 1,p. 51,
Kernforschungszentrum Karlsruhe (1981).

165\, MESINA and D. EMENDORFER, A tomkernenergie,
26,163 (1975).

166M. J. ROTH, “The Estimation of Collision Probabilities
in Complicated Geometries,” AEEW-M-857, UK. Atomic En-
ergy Authority, Winfrith (1969).

167K . R. SRINIVASAN, H. C. HURIA, and V. K. JAIN,
“EPITHERM: A Code for Calculating Lattice Properties of
Thermal Reactors,” Proc. Sem. Numerical Reactor Calcula-
tions, Vienna, January 17-21, 1972, p. 401, International
Atomic Energy Agency (1972).

18E J. FAYERS and M. J. HALSALL, “Use of Collision
Probability Methods in Lattice Calculations for Light-Water
Reactors,” Proc. Sem. Numerical Reactor Calculations, Vienna,
January 17-21, 1972, p. 357, International Atomic Energy
Agency (1972).

1694 HOFFMANN, F. JEANPIERRE, A. KAVENOKY,
M. LIVOLANT, and H. LORAIN, “APOLLO: Code Multi-
groupe de Résolution de ’Equation du Transport pour les
Neutrons Thermiques et Rapides,” CEA-N-1610, Commissariat
a ’Energie Atomique (1973).
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approximation, more sophisticated angular flux ex-
pansions also have been developed. This has been
done by subdividing a cell’s surface into several
subsurfaces or by using a higher order angular ap-
proximation for the ingoing and outgoing angular
fluxes, or by both techniques,!557158,1627165

Finally, let us consider the solution of the system
of algebraic Eqgs. (166). A straightforward technique
involves a cell-by-cell iteration for the flux com-
ponents ¢,-" and for the IC components Jf’a. Another
approach utilizes the algebraic elimination of the IC
components to obtain a set of equations for only the
flux components!®®; the trouble with this approach,
however, is that the set of equations becomes very
tightly coupled, and hence is expensive to solve
numerically. A better method is based on an algebraic
elimination of the flux components, which gives a
set of equations for the IC components. This method
yields, for each cell, a set of equations for the out-
going current components in terms of the ingoing
components. Since these ingoing components, in
turn, are the outgoing components from the adjacent
cells, the system of equations for all cells is weakly
coupled and can be solved by cell-to-cell iterations.

The response matrix coupling the angular current
components for a cell accounts for all collisions
within the cell. To derive this matrix, we rewrite
the first two equations of Eq. (166) for a cell in the
matrix form

¢ =PVF+P ¢J_
and
J, =Py VF +PgoJ_,

where F = T + 8. After solving for the flux from
the first equation, we obtain the response matrix
equation J, = RJ. + §;, where S; comes from the
source S and the response matrix R is

R =Pg+Pg.VIZ, (I - PVE,)'Pg] .

In this expression, the first term on the right side
gives the uncollided contribution and the second
term accounts for collisions within the cell.

The equations for the response matrix method
usually are directly derived without resorting to the
IC formalism.!% A variety of techniques besides the
CP method!®*'!7° have been used to construct the
response matrices. For example, this includes diffu-
sion theory,!”"!72 Monte Carlo,'%!7? singular eigen-
functions,3™3 and the Sy method.'’ The response
matrix method is sometimes known as the transmis-

7. L. FILIPPONE, Nucl. Sci. Eng.; 52,23 (1973).

K. AOKI and A. SHIMIZU, J. Nucl. Sci. Technol., 2,
149 (1965).

727 WEISS and S.-O LINDAHL, Nucl. Sci. Eng., 58, 166
(1975).
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sion matrix method and, in plane geometry, is related
to the doubling method.!”3

III.F.2. Transverse Nodal Method

The idea behind the transverse nodal (TN) meth-
od is to reduce a multidimensional transport problem
to a coupled set of one-dimensional problems.!7¢"17°
This is done for each node by approximating the
solution with a factorized expansion and integrating
over all but one of the spatial variables.

IILF.2.a. Cartesian Coordinates

To illustrate the method, we first consider an x-y
Cartesian domain that has been divided into homo-
geneous nodes. Although the method can be derived
from a purely integral equation approach, it is easier
to begin with the integrodifferential equation

Q-v+ZW=q . (170)

To obtain a factorized approximation for the
angular flux, we select two sets of linearly indepen-
dent functions {f;(x), i =1 to N,} and {g(»), k = 1

3C. T. McDANIEL, “A Two Dimensional Few Group
Response Matrix Calculation Method for Flux and Reactivity,”
Proc. Conf. Computational Methods in Nuclear Engineering,
Charleston, South Carolina, April 15-17, 1975, CONF-750413,
Vol. II, p. V-111, U.S. Energy Research and Development Ad-
ministration (1975).

1734, S. BAILEY, “Response Matrix for Fast Reactors,”
Proc. Conf. Mathematical Models and Computational Tech-
niques for Analysis of Nuclear Systems, Ann Arbor, Michigan,
April 9-11, 1973, CONF-730414, Vol. II, p. VII-187, U.S.
Atomic Energy Commission (1973).

5W. PFEIFFER and J. L. SHAPIRO, Nucl: Sci. Eng., 38,
253 (1969).

1767 J. DORNING, “Modern Coarse-Mesh Methods—A
Development of the *70’s,” Proc. Topl. Mtg. Computational
Methods in Nuclear Engineering, Williamsburg, Virginia, April
2325, 1979, CONF-790402, p. 3-1, American Nuclear Society
(1979).

77R. D. LAWRENCE and J. J. DORNING, “New Coarse-
Mesh Diffusion and Transport Theory Methods for the Effi-
cient Numerical Calculation of Multi-Dimensional Reactor
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Calculation of 3-Dimensional Rating Distributions in Operat-
ing Reactors, Paris, November 26-28, 1979, p. 383, Organiza-
tion for Economic Cooperation and Development (1980).

PR, D. LAWRENCE and J. J. DORNING, “A Discrete
Nodal Integral Transport Theory Method for Multidimensional
Reactor Physics and Shielding Calculations,” Proc. Topl. Mtg.
Advances in Reactor Physics and Shielding, Sun Valley, Idaho,
(September 14-17, 1980, p. 840, American Nuclear Society
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Karlsruhe (1981).



524

to N,} which, for convenience, we orthogonalize such
that

Ix/2
[ fiofodx = 8, |

=12
and similarly for the gi(») functions; here ¥//2 are
the left/right horizontal boundaries of the node. With
these functions we can construct the angular flux
within the cell using the ansatz

Yx,», Q) ~ 25 Ui @) fi(x)er(y) . (171)

ik

In practice, it is convenient to use different expan-
sions for the angular fluxes on the boundaries.
Denoting by x. the abscissa of the leaving (+) and
entering (~) vertical sides of the node [ie., x, =
*(sign Q,)1,/2, where £, is the projection of § on
the x axis], we write

Y0, 0) ~ 25 Vi, (R)8(3) (172)
3

with a similar expression for the ¥(x, v:,§). The
number of functions M, selected for this expansion
need not be the same as the number N, used in
expansion (171).

Once this expansion is introduced into the
transport equation, the y variable can be eliminated
by multiplying by gi(y)dy and integrating from
-ly/2 to 1,/2. This gives a one-dimensional transport
equation

(20, + )= Wy , (173)

where ¥ is the k’th (vertical) transverse moment of
the angular flux,

ly/2
wee = [ gy, Wy .

v
The resulting effective source Wy is

Wk(x5 ﬂ) = Qk(X,Q) + Qy\lfk’(x>9) - Qy<gk¢’(xay5n)> s

where - is defined like Yy, but with gz replaced by
its derivative with respect to y, and the brackets ( )
denote the difference of the value at y = /,/2 minus
that at —/,/2.

To calculate ,, we invert the one-dimensional
streaming operator in Eq. (173) to obtain the integral
equation

X
B ) = 5 [ W )edx + L (@)
(174)
where the optical path length is

, x-x'
= >
7(x',X) ’ o8 |

SANCHEZ and McCORMICK

and 7 = 7(x_Xx). Because of the factorized form
(171) of the angular flux, the transverse flux moment
can be written as

e, @) ~ by 25 Y @)

The coefficients y; are obtained by replacing
this expansion in Eq. (174) and using the projection
method to obtain

Vir(8) = 19007 25 Pi(QWin(R)
j

+ P ()i () , i=1toNy . (175)

Also, using the same expansion in Eq. (174) for
x = x, yields an equation for the boundary outgoing
angular flux

Ukw () = (20,070 25 Py, (S2IWin(S)
i

+ Px+x_(‘Qx) \l’kx_(n) . ( 1 76)

The Wi(R) in the preceding two equations is given
by

Wi(Q) = qjx() + Q¥ (Q) — QL LK (1, Q)

We observe that the last term, the transverse leakage
term, in this expression contains ¥y, (), the out-
going/incoming horizontal transverse moments of the
angular flux; therefore, this term couples the x
direction equations to the y direction equations that
can be obtained in the same way by integrating the
integrodifferential transport equation over the x
variable.

The matrix coefficients in Eqs. (175) and (176),
analogous to those in the IC method, are

Py@o=17 [ fidx [ fieheTax

Ix72
Pix () = Py, iR = I an fitx)e Tdx
and
Py x (82)) = exp[-7(x,,x.)] .

The calculation of these matrix coefficients is sim-
plified by use of the appropriate reciprocity and
conservation relations. For example, interchanging
€2, with —£2, does not change 7, but changes 7. to 7
and x. to x;; thus, the reciprocity relation P;(£2,) =
P;i(—€2) is recovered. Also, from the identity
T+ + 7_ = 7(x,,x_), and assuming the usual case that
fi(x) is a constant, we observe that

Px.,.i(nx) + Pix_(Qx) = 6ilPJq.x_ .

Furthermore, we note that the symmetric sum of
two volumetric matrix coefficients can be written as
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Pij(82,) + Pi(§2y)

/2 I /2
= -2 " : ' -7 !
I f_lxnf,(x)dx Lx/zf,(x Ye~Tdx’ .

To derive conservation relations, the procedure
in Sec. III.A is again followed. We first integrate
Eq. (173) from -1,/2 to l,/2 and then, with QO
replaced by f;(x), we obtain

|Qx|Px+i(Qx) =81x = ThPy(82y) .

Similarly, with Qi replaced by 8(x — x.), it follows
that

[l Py (2) = 1 = ZLePix (824) .

If Legendre polynomials are used as the expan-
sion functions in Eq. (171), the matrix coefficients
can be obtained as linear combinations of exponential
functions. Also, symmetry and antisymmetry proper-
ties for the matrix coefficients can be derived from
the corresponding properties of Legendre poly-
nomials. These features, together with the fact that
the matrix coefficients are the same for all transverse
modes Yi, kK = 1 to N, (and transverse boundary
modes Yjy,, k = 1 to M,), reduce the amount of
computation required.

We consider now the treatment of the angular
variable. In the simple case of a plane geometry
problem, in which there is no need for treatment of
the transverse variable, both the discrete ordinates
approximation and the projection method have been
used.!”” Here we discuss only the solution of the
two-dimensional problem by means of the discrete
ordinates approximation. In this case, for each
direction § € Sy the equations are solved iteratively
node by node. For each node, the set of Egs. (176)
and its ¥ counterpart that are coupled through the
transverse leakage terms are solved to determine the
moments Yz, (), kK = 1 to My, and ¥;,,(R),i=1to
M,, in the outgoing directions in terms of the ingoing
ones and the volumetric sources. Then all the volu-
metric coefficients Y;(R), i =1 to Nyand k =1 to
N,, are computed using these angular components in
either the set of Eqgs. (175) or its ¥y counterpart.

The fact that either set can be used creates some
uncertainty about which choice is preferred; a way to
resolve this uncertainty is to eliminate the spatial
cross-product terms and replace expansion (171) by

Y0x,,R) = ¥iu(@) + 25 v @)fi(x)

i>1

+ 20 Vi) .

k>1
Then the y;,(§) are obtained from Eq. (175) with
k = 1 and the Y;x(R) from the y counterpart. This
simplification has been implemented in conjunction
with a one-term expansion for the boundary angular
fluxes, i.e., a spatially uniform angular flux on each

177

525

side.!” In another application of Eq. (177) in which
a linear expansion was used for the volumetric
angular flux and a linear approximation for the
boundary angular flux, J;(2) was computed from
the conservation equation found by integrating
Eq. (170) over the node, while ,,(§) and y,()
were computed as before.!”?

It may be noted that the volumetric expansion
in Eq. (171) could have been used to calculate the
boundary outgoing angular fluxes, instead of using
the different expansion (172) and its y counterpart.
If this would have been done, then Eq. (176) would
not have been needed and continuity of the angular
flux for a fixed direction would have been guar-
anteed. Such a procedure, however, would have
required a costly matrix inversion for each node.

The computational efficiency of transverse nodal
methods has been checked versus the customary
finite difference discrete ordinates method. In plane
geometry, nodal methods based on either discrete
ordinates or piecewise polynomial expansions for the
angular variable have been shown to be faster than
the Sy method, with polynomial expansions being the
best.!7%178 In x-y geometry, the nodal method with
discrete ordinates is also superior to the Sy method,
since fewer mesh cells are needed for penetration
problems!?®17%; it is expected that the development
of the two-dimensional nodal method with piecewise
polynomial expansions will be even better than the
one with the Sy method because ray effects can be
eliminated.

Finally, the transverse nodal method can be
straightforwardly extended to three-dimensional
Cartesian geometries by integrating over two spatial
variables.176

IILF.2.b. Curvilinear Coordinates

Transverse nodal methods have yet to be ex-
tended to curvilinear coordinates to our knowledge,
but because of their promise we will sketch how this
might be accomplished for the case of r-z geometry.
We begin with the integrodifferential transport equa-
tion in its conservative form, as in Eq. (65), which is
now

(ator+ao-tog,+3)yv=a,

where x and the components of § are defined in
Table I. Expansions analogous to Eqgs. (171) and
(172), but now in the r and z variables, are used to
approximate the flux within the node and on its
boundaries. After projecting the transport equation
onto gx(z), we obtain the r-dependent form

(82,0, + Z)rp(r, ) = rWi(r, Q) + 0,2 Yi(r, ) .

The major difference between this equation and the
one in Cartesian coordinates is that the angular
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redistribution term now appears as an additional
source term.

As before, the streaming operator is inverted and
the preceding equation is transformed into the form

i @)= 51 [ 1w e

+ (0, Q2¥i)(r', @) 1dr" + Lr Yy () .
(179)

Because of the additional factor r now present in
the equation, we choose to normalize the expansion
functions f;(r) by

/2
f_ £ rdr = 5,8
F=lpr2
where S, is (2m)™! times the area of the annulus of
width /, and midradius 7. After multiplication of

Eq. (179) by f;(r) and integration on r, we obtain
the analog of Eq. (175),

Yin(R) = 1171S, 25 [Pi(Q)Wi(R)
i

+ P (92)0, Q1R + Py ()Y (R)

(180)
The analog of Eq. (176) now takes the form
relir () = 19,171, 25 [P, ()W)
i
+P,, /(20,241 (Q)]
+ P ()7 Yrr () . (181)

The matrix coefficients in Eqgs. (180) and (181)
now take the form

~ rs r , ,
Pij(2,) =572 fr fi(r)er: e Tar’
r+i,/2

" e Tar
—{,/2

r

Py (82,) = ﬁmi('—ﬂr) = Si-l f

and
P, =expl-r(rs,r)] ,

and the P;(§,) and P, ;(£2,) are homologous to the
coefficients with tilde symbols, except that the
integration in r' has an extra factor r'. This factor '
destroys the reciprocity relations for P;;(£2,) and
P,,i(2,). Furthermore, because of the angular redis-
tribution term, one cannot obtain a conservation
equation for a fixed £,; nevertheless, a “global”
conservation relation linking all directions can be
obtained by integrating over angle.

Discretization of the angular variable can be done
by a discrete ordinates approximation or by using a
piecewise polynomial expansion. In the first case, we
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proceed as for the finite difference method and inte-
grate Eq. (65) over AQ,, for &, € Sy. Then we re-
peat the previous steps for a particular §,,, with the
difference that we replace the angle-averaged redistri-
bution term with the approximation

Wr;zl f R ydf ~ r_l[am+¢m+ ~= Up-Ym-1
A, :

where the notation m* is the one in Eq. (72). The
«,,. coefficients again are chosen as in Egs. (73), (74),
and (75) but with u replaced by 2, (Refs. 50 and 61).

To obtain a closed system of equations, it is nec-
essary to add supplementary equations linking the
Um: fluxes to Y, . One possibility would be to assume
linearity, so that y,, is the average of Yy, and Yy,
as in the classical diamond difference approximation.

If a projection method is used instead of a dis-
crete ordinates approximation, then the expansion of
the angular flux within a node is also done with re-
spect to the angular variable. This implies that the
angular components Y () in Eq. (180) can be writ-
ten in terms of a set of expansion functions 4” (),
p=1toN,,as

V(@) ~ 3 VERAQ) .
P

Similar expansions also are assumed for the compo-
nents Yg,.(f) and y;,.(§) of the boundary angular
fluxes, but none of the expansions need be of the
same order. We take the functions 2°(§2) to be ortho-
normal, and use the projection method with both
Egs. (180) and (181), for example, to obtain

=TS DU B+ R, |
v j
and

bt = T T g+ By + vt )
J

v

The matrix coefficients can be calculated as before,
but by replacing the exponential, exp(-7), with one of
the kernels

)= [ 19T Qe @R
Ao,y = f I, 260, 2, hY (RN

or
W) = [ @) (@)D .

The first kernel is used for P} and F%, the second
with P and B?%, and the third with B{” and B, . If
piecewise polynomials in £, and £, are used for the
expansion functions, the first kernel can be explicitly
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written as a combination of exponential integral func-
tions, while the third kernel is merely a combination
of exponential functions; because of the factor
04§26 1"(82), calculation of the second kernel prob-
ably would have to be done numerically.

IV. SURFACE-INTEGRAL EQUATION METHODS

In this method, the angular flux on the surface of
a homogeneous body is obtained by numerically solv-
ing the surface integral transport Eq. (23). The flux
inside the body, if desired, can be recovered in terms
of the surface angular fluxes and the internal sources
by solving the more complicated Eq. (22). Two nu-
merical methods have been developed, the comple-
mentarity method (Cy ) and the facile method (Fy).

In the Cy method, a projection technique is used
to solve the surface integral equation. The resulting
matrix elements are moments of the Green’s function
for the infinite homogeneous medium. Such a Green’s
function is calculated by a Fourier transformation of
the Boltzmann equation. The Cy method has been
used to solve critical and albedo problems for the
three one-dimensional homogeneous geometries. 807188

In plane geometry the Green’s function can be
expanded in terms of the singular eigenfunctions, and
then the Fy method is obtained by solving the result-
ing surface-integral equation with a collocation tech-
nique.'®197 As opposed to the Cy method in which

1808, MONTAGNINI and V. PIERPAOLI, “Il Metodo delle
Sorgenti Superficiali,” Fisica del Reattore, Convegno Indetto
dalla Societa Lombarda di Fisica, Pavia, November 28~
December 1, 1963.

181p, BENOIST and A. KAVENOKY, Nucl. Sci. Eng., 32,
225 (1968).

182R. BEUVENS and J. DEVOOGHT, Nucl. Sci. Eng., 32,
249 (1968).

183p_ BENOIST and A. KAVENOKY, Nucl. Sci. Eng., 32,
270 (1968).

%M. MORDANT, “La Méthode Cy de Résolution de
I’Equation du Transport des Neutrons en Géométrie Sphér-
ique—Comparaison avec les Résultats des Expériences Critiques
GODIVA et JEZEBEL,” Université de Paris Sud, Thése de
3eme Cycle (1973).

185A. KAVENOKY, “La Méthode Cy de Résolution de
I’Equation du Transport,” Université de Paris Sud, Thése Doc-
torat d’Etat (1973).

186p. BENOIST, “Cours de Théorie du Transport,” CEA
R-4778, Commissariat a I’Energie Atomique (1976).

187A. KAVENOKY, Nucl. Sci. Eng., 65, 209 and 514
(1978).

. '"™N. I. LALETIN and N. V. SULTANOV, Atomnaya
Energiya, 46,148 (1979).

189C. E. SIEWERT and P. BENOIST, Nucl. Sci. £ng., 69,
156 (1979) and 78, 311 (1981).

1%p_ GRANDJEAN and C. E. SIEWERT, Nucl. Sci. Eng.,
69,161 (1979).

191C. E. SIEWERT, Astrophys. Space Sci., 58, 131 (1978).

evaluation of the matrix elements requires consider-
able computer time, the corresponding Fy matrix
elements are easy to calculate (a fact from which the
French name derives).

IV.A. Complementarity (Cy) Method

We first consider the general equations of the
method for a homogeneous convex body and then dis-
play the details of the method for plane geometry. We
recall that the surface-integral equation was obtained
by specializing Eq. (23) to a point r on the surface
oD. To correctly interpret the value of the Green’s
function ¢z at the surface, to be used in Eq. (23), we
decompose tp into the sum of the uncollided kernel ¢
of Eq. (17) and the collided one ¢., and consider the
limit as r approaches 9D from the interior of the
body. The only term that requires special care is the
uncollided flux due to the angular flux on the surface.
With the help of Eq. (17), this term can be written as

(TSp)(x) = — faX 1(x' = x)Q-n"W(x"dx |

= ey (xp) sgn(-np)

where x = (r,§), with r inside the body, and x, =
(ry,82), where r, is the point on the surface inter-
sected by the line passing through r in direction ~§.
The optical distance between r and rp is 7-, and sgn(y)
denotes the sign of y. In the limit as » approaches 9D,
this equation reduces to

s, - {w(xb) ,
e Y (xp) ,

Two integral equations are obtained from the surface-
integral equation, depending on the sign of & -n. For
©-n < 0, one obtains a Fredholm equation of the
first kind,

LX te(x' = x) Q" n"H)W(x")dx =Q(x) , ondX

Qn<0
Qn>0 .

while for -n > 0 the Fredholm equation is of the
second kind,

192p GRANDJEAN and C. E. SIEWERT, Nucl. Sci. Eng.,
70,96 (1979).

195K . NESHAT and J. R. MAIORINO, Ann. Nucl. Energy,
7,79 (1980).

19C. DEVAUX and C. E. SIEWERT, J. Appl. Math. Phys.
(ZAMP), 31,592 (1980).

1%R. D. M. GARCIA and C. E. SIEWERT, Nucl. Sci. Eng.,
76,53 (1980) and 78, 315 (1981).

196, R. MAIORINO and C. E. SIEWERT, Ann. Nucl.
Energy, 7,535 (1980).

97N, J. McCORMICK and R. SANCHEZ, J. Math. Phys.,
22,199 (1981).
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J;X te(x" = x)(Q"n" ) (x")dx" + Y(x)

=0(x)+e™Y(xp) , ondX, .

In both of these equations, the interior source con-
tribution is

0(x) = fX t3(x’ = x)S(x")dx’ .

Either one of these two equations defines the incom-
ing surface flux in terms of the outgoing surface flux,
so each one is the basis of an independent numerical
approximation.

To distinguish between incoming and outgoing
fluxes, we denote the outgoing flux Y(x), & -n > 0,
by y*(x), x € 9X,. We express the incoming flux by
its reflection, ¢ (x) = Y(R"x), x € 8X,, where oper-
tor R reverses the angular direction, R°(r,) =
(r—). [The reader should note that the y*(x) de-
fined here are different from the even and odd flux
components defined in Sec. IL.D.] Since now both
fluxes are defined on d.X,, it is also convenient to re-
duce all angular integrations to the domain £ -n > 0.

In terms of the Y*(x) functions, the two Fred-
holm integral equations may be written, respectively,
as

G*Y*=G ¢y +Q(Rx), ondX, (182)

and
G+ DWr=G*"Y +Q+e Yy (Rxp) , ondX, .
(183)

Here the operator G*~ is defined as
Gtf= f t(R*x' > Rx)f (x")dx'
3 X+

where R* is the identity operator, and the operators
G™7, G**, and G~* are defined similarly by the
appropriate R operators.

In the Cy method, these two independent equa-
tions are solved with a projection technique. Both ¢*
and Y~ are expressed as finite expansions of order N,

(184)

where the expansion functions f; are defined on dX,.
In the case in which 3D consists of two independent
surfaces (i.e., a finite slab or a hollow cylinder or
sphere), independent expansions on each surface may
be obtained by using functions that vanish either on
one surface or on the other. After use of the expan-
sions in Eq. (184) and after projection with weight
Q-n onto the {f;}, Eqs. (182) and (183) become

LGEW=2 G vi+Qi, i=1toN
) i
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and

Z: G+ + Apy;
7
=2, (G +B)Y;+Qf , i=1toN . (185)
J

The matrix coefficients and the source elements are
defined in terms of the scalar product of Eq. (85) as

Aij =i fis

Bij ={fie " fi(R™xp) ,
and

Qi ={f,0R* X)) .

The remaining matrix coefficients are written, for ex-
ample, as

Gl = <A.G = | (@ mi(x)dx

XfX (Q'-n')tc(R+x'—>R‘x)j§~(x')a’x' . (186)
0Xy
When calculating matrix coefficients, a great

amount of computer time may be saved by use of the
reciprocity relations

e —+ — ot A o ==
Gj =Gy G =Gy, Gy =Gy,

which follow from the reciprocity of the collided
kernel,? t.(x" > x) = t(R™x = R™x’). To calculate the
remaining coefficients, one has to first derive the
closed-form expression for the collided kernel. This is
done by determining the infinite medium Green’s
function in the geometry of interest, and then by
subtracting the uncollided contribution. Since the
infinite-medium Green’s function is translationally
invariant, i.e., tg(x' = x) = t5(r' — r,Q"Q), it can be
calculated by analytically solving the Fourier-trans-
formed transport equation, and then inverting the
transform. For instance, for an azimuthally indepen-
dent homogeneous plane geometry with isotropic
scattering, the collided kernel takes the form!8!

L =2 )= 5 [ explik( - 2))

X dk
iku'(1 = ikp)(1 = ¢k tan™'k)

(187)

We can use this expression to explain the calcula-
tion of the matrix coefficients G,-’}’, etc., in plane
geometry. In this geometry the expansion functions
are traditionally taken to be f;(u) = w1, i=1 to N.
With the last kernel, evaluation of the matrix coeffi-
cients requires integrations over u, u', and k. The first
two integrations may be done analytically, while the
integration over k is extended in the usual way to en-

circle the upper half of the complex plane. Then, after
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applying Cauchy’s theorem, the asymptotic contribu-
tion (poles) is analytically evaluated whereas the
transient contribution (branch) must be calculated by
numerical integration in the complex plane.

The Cy method has been applied to plane geom-
etry problems with anisotropic scattering!®” and to
cylindrical and spherical problems with isotropic
scattering.!83718%:187 Although the method strictly ap-
plies to homogeneous bodies, multilayer problems
can be done by treating each layer separately and im-
posing continuity of the angular flux at the interfaces.
Even more complicated geometries (such as a “cluster
cell””) have been analyzed.!®®

A perspective on the potential of the Cy method
for the analysis of complicated geometries can be
obtained by comparison with the collision probability
method. An important difference is that the CP
method uses a Green’s function for first-flight inter-
actions and this requires spatial zones of the order of
the neutron mean-free-path; there is no such restric-
tion in the Cy method provided the slowing down
source in each homogeneous zone can be assumed
constant. Furthermore, in the Cy method only neigh-
boring zones are connected, whereas all the zones are
connected in the CP method.

IV.B. Facile (Fy) Method

This method has been initially derived from the
Cy method in plane geometry by using a singular ei-
genfunction expansion of the Green’s function.!®® The
Fy method also has been independently derived,!%%19!
in a more direct way, by using the completeness
and orthogonality properties of the singular eigen-
functions ¢,(u). Here we follow the latter approach
to illustrate use of the method for the case of a
finite slab ¢ < z < b in which the scattering is
isotropic. The slab is assumed to be irradiated on
both surfaces, and there are no internal sources.

The first step is to obtain an equation connecting
the angular fluxes on the surfaces by using the singu-
lar eigenfunction expansion for the angular flux,
given in Eq. (42), where now the particular solution
¥p vanishes. The expansion coefficients A(v) are given
in terms of the angular flux by Eq. (43). We write this
equation for the surfaces z = ¢ and z = b and elimi-
nate the product A(W)N(v) to obtain

(60, ¥p — expl-1/v]Y,) =0 |

In this integral equation the scalar product is that of
Eq. (41), Y, and Y, denote the angular fluxes on the
surfaces, and 7 is the slab optical thickness. We recall
that the spectrum o consists of the interval -1 <p < |
and the set of discrete eigenvalues.

Equation (188) is decomposed into two equations,
one for the positive spectrum o, and the second for
the negative spectrum. Then one takes advantage of

vEo . (188)
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the symmetry of the spectrum to transform the latter
into an equation on o,. The result is

(6,5~ expl-7/v]Y,) =0 ,

v <o,

and
(¢—V7 eXp[”T/VN’b - \bd) = O ’

This pair of coupled integral equations is solved
by the collocation technique. As in the Cy method,
the unknown emerging angular fluxes are expanded in
powers of u,

veo, . (189)

N
Vo) =D et 0<u<l1
k=t

and

N
Yp(u) =20 bkt | 0<u<1 . (190)
k=1

However, if an incident angular distribution has a
singular nature (i.e., delta function), these expansions
should be modified to explicitly treat the uncollided
singular contribution.!%?

After substituting expansions (190) into the inte-
gral Egs. (189), the resulting equations are specialized
to the collocation set gy = {v;, i = 1to N, v; € 6, }.
This yields the system of equations

N
2 By + exp(-7/v)4;(W)b;]1 =L, (v) , vEoy

i=1

and

N
jZ=2 [exp(_T/V)A]‘(V)a]‘ +B](1))b]] = L2(V) , vE oy .
(191)

The source terms are defined as

N
L,(v) = 25 [4;(»)a; + exp(-7/v)B;(»)b;]
Jj=1
and
N ~
L,(v) = 3, lexp(~7/v)B;(v)a; + A;j(v)b;]

J=1

where 8} and 3]- are the expansion coefficients for the
known incoming angular fluxes y,(n) and Yp(—u),
0<u<1,asin Eq. (190). [Note that the system of
Eqgs. (191) also could be obtained by substituting the
expansions directly into Eq. (188) and then by using
a symmetric collocation set.]

Let us now consider the calculation of the matrix
coefficients 4;(v) and B;j(v) in Eq. (191). The B;(v) are
defined by

T
Bj(V)=c%- fo wWo,(u)du
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and, using the symmetry ¢,(u) = ¢_,(—u), it is found
that

A;(v) = -Bi(-») .
For the special case of Eq. (32) for isotropic scatter-

ing, it follows that these coefficients obey the recur-
sion relation!®®

B @)=vB,(»)-(j+ 1), j=1, (192)
with the starting conditions
B(»=QJ/e)-1-viog(l+1/yv) , vEoy

and

Awy=1-vlog(l+1/y) , vEay .

Notice that the numerical effort involved in the
calculation of the matrix coefficients requires the
computation of only N logarithms! Of course, the
solution depends on the distribution of the colloca-
tion points, and numerical calculations show that the
discrete spectrum has to be included to ensure good
results.

The Fy method has been extended to treat prob-
lems with anisotropic scattering,!®! but is restricted to
plane and spherical geometries, as for singular eigen-
function expansions. Multilayer problems have been
solved by treating each layer separately,!®%:1% and
also the theory has been extended to slowing down
problems. 189195

V. COMMENTS

The deterministic methods of solution of the
transport equation are based on the use of the in-
tegrodifferential, integral, and surface-integral equa-
tions. In this paper, we have shown that the most
common solution methods are based on three numer-
ical techniques: expansion (projection and colloca-
tion) methods, quadrature formulas for integral
operators, and finite differences for differential op-
erators.

By taking advantage of the special properties of
the transport operator in simple geometries, it is
possible to obtain an analytical (or quasi-analytical)
solution. Extensive research has been dedicated to
deriving such solutions with singular eigenfunction
expansions, analytic discrete ordinates, integral trans-
form/spatial spherical harmonics, and the two surface-
integral methods (Cy and Fy). The usefulness of such
quasi-numerical techniques is to provide benchmark
solutions to check more general numerical methods,
to gain insight into the mathematical properties of
the transport equation, and to provide intellectual
stimulation for the analytically inclined analyst. For
more realistic problems, a fully numerical treatment
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with one of the following general-purpose production
methods is required.

The integrodifferential equation methods, those
most widely studied by researchers in the U.S., have
been used to solve a variety of problems in reactor
and shielding analysis. The integrodifferential equa-
tion is based on a local neutron balance and contains
spatial derivatives and an integral angular operator.
Both the angular and spatial variables require a nu-
merical treatment. The finite difference discrete
ordinates method is characterized by the use of a
numerical quadrature formula for the integral angular
operator and a finite difference approximation for
the spatial derivatives. Potential difficulties with the
method are the appearance of negative fluxes and ray
effects. Expensive modifications, usually based on the
implementation of a spherical harmonics representa-
tion within the discrete ordinates formalism, have
been developed to eliminate such ray effects.

Many spatial cells are required with the finite
difference discrete ordinates method for treatment of
large-scale reactor and shielding problems, especially
when streaming is important. Without loss of preci-
sion, it is possible to use large-sized cells if the angular
fluxes entering and leaving a cell are related by
integration along neutron trajectories. In the method
of characteristics, this integration is combined with a
cell balance equation for treatment of the spatial
variable, while a discrete ordinates approximation is
used for the angular variable.

A variation of the discrete ordinates technique is
to combine the numerical integration in the angular
variable with a finite element treatment (a projection
technique) for the spatial variable. Although the finite
element system of equations requires more computa-
tional work, it does provide a better representation
for irregularly shaped geometries. On the other hand,
a complete finite element approximation for the
integrodifferential equation is derived by applying the
finite element method to both the angular and spatial
variables. Such a full finite element treatment has
been applied to the ordinary and to the even-party
forms of the transport equation. The finite element
approach is appealing because it mitigates the ray
effects and offers a self-consistent treatment of
boundary conditions, but the method is not yet eco-
nomically competitive with the discrete ordinates
approach.

Integral equation methods have been more pop-
ular in Europe and they are especially appropriate for
cell and subassembly calculations. The integral equa-
tion is based on a global neutron balance and conse-
quently is strongly coupled in both variables. For
isotropic scattering, the angular variable is integrated
out to yield an integral equation in the spatial variable
for the scalar flux. Numerical quadrature techniques
and expansion methods have been applied to solve
the integral equation. The numerical quadrature
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approach leads to the discrete integral transport
method, while piecewise polynomial expansions are
used to construct approximations via the collocation
and the projection (collision probability) techniques.
In contrast with the DIT and CP methods, the
collocation technique leads to a nonsymmetric colli-
sion matrix and requires special care to ensure neu-
tron conservation. Of the three methods, the CP
method is the most widely used. Integral equation
methods also have been extended to the treatment
of linearly anisotropic scattering.

In general, integrodifferential methods are most
appropriate for optically large media while integral
methods work best for optically small media. Integral
methods can be made efficient for calculations in
moderately large media, however, by use of nodal
methods. In these methods, a large medium is divided
into nodes and a simplified model is used to describe
the transfer between the nodes. The interface current
method, an early nodal approach, is constructed from
a generalized projective technique by expanding the
angular fluxes on the surfaces and the scalar fluxes in
the nodes. Also, by eliminating the scalar fluxes, the
IC method yields the response matrix formalism; in-
tegrodifferential equation methods and even Monte
Carlo techniques have been used in conjunction with
response matrices. A recent development in nodal
techniques is to reduce a multidimensional problem
to coupled one-dimensional problems by integrating
over all but one of the spatial variables. This is the
idea behind the transverse nodal methods that can
utilize either a discrete ordinates approach or a pro-
jection technique for the treatment of the angular
variable.

Neutron transport solution methods have evolved
from the earliest days of interest in nuclear power.
The development of improved numerical techniques
for the solution of the transport equation has been
closely linked to that of computers. It is the rapid
development of computer technology that has lead
to the use of accurate transport calculations in re-
actor design. Thus it is understandable why some of
the earlier, elegant techniques now have at best a
small role for practical reactor and shielding calcula-
tions.

The trend nowadays in the development of nu-
merical approximations is in the synergistic use of
both the integrodifferential and integral forms of the
transport equation. For example, work is currently
under way on the method of characteristics and on
transverse nodal approximations. It is expected that
improvements in already-established methods, and
in these new methods, will be developed to match
the capability of faster and larger computers of the
future. It is safe to assume that within the next few
years all of the transport approximations will have to
be re-evaluated for use with parallel-processing com-
puters.

APPENDIX

ITERATIVE SOLUTION OF THE
MULTIGROUP EQUATIONS

Any practical application of numerical solution of
the transport equation is based on the use of a multi-
group formalism. As a complement to the discussion
of one-group numerical methods, in this Appendix we
give a brief description of the iterative techniques and
acceleration schemes currently used for the solution
of the multigroup equations.

Integrodifferential Equation Methods

We assume the reader is familiar with the multi-
group formalism and we write the set of multigroup
integrodifferential equations in the form

Ly=Hy+S§ , (A.1)

where

¥ =vector whose elements are {Y,(r,Q), g = 1
to G}

S = external source vector

L = diagonal matrix operator whose elements are
Leg =8-V +Z(r) ,

H = matrix operator with elements Hg, so that

Hge'f = f T (r, ' = Q) (RHIQ' . (A.2)

In the multigroup case, Z,,, accounts for all neu-
trons in group g, generated by a collision or fission in
energy group g', namely,

Zoing = Zsglag T AT (V2P Xg -

[For simplicity, we have neglected (n,2n) and other
such reactions.}

For any numerical method, the y,(r,§) are re-
placed by the values of the flux at all mesh points in
space and angle, and the operators L and H in
Eq. (A.1) are replaced by the appropriate matrices.
The direct solution of any such matrix equation by
inversion of matrix (L — H) is unfeasible and uneco-
nomical. Therefore a dual iteration strategy is im-
plemented, consisting of two nested iterations: an
outer and an inner iteration. An outer iteration
sweeps through all energy groups, in order of decreas-
ing energy, and provides an updated value of the flux
for the entire system. This is done by splitting the
matrix H into four parts, the (in-group) self-scattering
(H*) portion, the upscattering (H*) and downscatter-
ing (HY) parts, and the fission portion (H%), and defin-
ing the outer iterative scheme by

(L-H? -HW"' =(H* + HHyr 1 +8 . (A3)
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That is, at the beginning of an outer iteration, the old
flux Y"1 is used to calculate the upscattering and
fission contributions, and then the new flux Y” is
calculated by solving this last equation group-by-
group.

The presence of the self-scattering term in
Eq. (A.3) makes direct inversion of the matrix
(L - HY - H) impractical, so in discrete ordinates
methods the following inner iteration procedure is
adopted:

Le* = HighH1 + Q) a4

Here ¥* is a vector whose components are values of -
g

the angular flux in group g for the space and angular
mesh for outer iteration »n and inner iteration k, and

Q% is the effective within-group source
Q! = [HY" + (H* + H ™! +8], .

This source is calculated with the most recently avail-
able fluxes, which means that the downscattering
term uses fluxes from the current outer iteration,
while the upscattering and fission contributions are
computed from the flux in the previous outer itera-
tion. That is, using the effective source and the pre-
vious estimate for the within group flux, w;’k‘l, an
inner iteration requires sweeping through all the
directions and regions to calculate from Eq. (A.4) the
updated flux y3*.

Convergence of an iteration procedure can be as-
sessed by imposing convergence criteria. A variety of
criteria are used, but usually for inner iterations one
requires that the relative error in the scalar flux for
two successive iterates be less than a prescribed small
value. Another procedure that is adopted is to stop
the number of iterations at a prescribed number, even
though convergence may not have been achieved; this
is particularly advantageous for the first few outer
iterations, for which complete convergence of inner
iterations is expensive and does not appreciably im-
prove the overall rate of convergence.

In the case of a calculation for the effective multi-
plication factor A, there is no external source and
Eq. (A.1) is replaced by

Ly = (H* + H + H)y + N TH Y

An estimation of A can be obtained from two succes-
sive outer iterations as the ratio of the corresponding
fission sources

n o= n )Wt id
=z J, ozcugar /@ f, zneuar

and the outer iteration is terminated when the rela-
tive error between two successive eigenvalues is suf-
ficiently small.

Solving the set of Egs. (A.4) in the direction of
neutron flow usually ensures that the solution is sta-
ble and allows implementation of a strategy for which
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matrix Lg, is lower triangular. Nevertheless, many
iterations may be required to obtain a converged solu-
tion. This is especially true for optically thick regions
in which the term H{y7-*¥"! in Eq. (A.4) strongly af-
fects the solution. For this reason, all practical
numerical techniques require the use of an accelera-
tion scheme. Chebyshev acceleration!®® has been
successfully implemented in one-dimensional discrete
ordinates codes,®®!%° while coarse-mesh rebalancing
and the synthetic method are used in two-dimensional
discrete ordinate codes.

Methods that use a discrete ordinates approxima-
tion for the angular variable and finite elements for
the spatial variable utilize similar acceleration meth-
ods to those currently used in finite difference
codes.8%93.9:103 On the other hand, a finite element
approximation in both the angular and spatial vari-
ables (such as those used to solve the even-parity
form of the transport equation) cannot be solved by a
simple cell-to-cell iteration scheme because of the
coupling in space and angle. In this case, an iterative
solution is obtained by such classical techniques as
block (or point) successive overrelaxation!®®; usually
a Cholesky decomposition is used to invert the main
block, and the banded structure of the matrix is ex-
ploited to minimize computer requirements,36:97,102
Block overrelaxation also has been accelerated with
the rebalancing method.1%?

In this Appendix, we discuss only the rebalancing
and synthetic methods, and refer the reader to
Varga!®® for the more classical techniques.

Rebalancing Methods

Rebalancing is a popular scheme applied to pro-
duction codes to accelerate inner and outer itera-
tions.®!:%? The objective of a rebalancing scheme is to
enhance the rate of convergence by imposing neutron
conservation after every iteration. There are several
schemes based on rebalancing, but we first discuss the
method for coarse-mesh rebalancing of inner itera-
tions.

The need for rebalancing becomes obvious when
we examine the balance equation derived by integrat-
ing the iterative scheme of Eq. (A.4) over a coarse-
mesh region D, and all angular directions to obtain

) , FotedA = I Qg = Zagdf 0 (AS)

18R 'S. VARGA, Matrix Iterative Analysis, Prentice-Hall
Publishing Company, Englewood Cliffs, New Jersey (1962).

19E M. GELBARD, J. A. DAVIS, and L. A. HAGEMAN,
“Solution of the Discrete Ordinate Equations in One and Two
Dimensions,” Proc. Applied Mathematics, Vol. 1, Transport
Theory, p. 129, American Mathematical Society, Providence,
Rhode Island (1969).
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where

Qf, = total volumetric source obtained by inte-
grating Qg over all angles

Zg = effective absorption (i.e., removal) cross sec-
tion Xyp = Xy — Zsoggo

and the current and scalar flux are determined from
the angular fluxes by applying the usual Sy rule. Neu-
tron balance would require that Qg’k"l be replaced by

%k which will occur only when the iteration con-
verges.

In the coarse-mesh rebalancing scheme, the entire
domain is divided into a set of coarse-mesh regions
{D,} and neutron balance is imposed by multiplying
the flux within each region o by a constant scaling
factor C,. These constants are determined from the

system of equations

C, [ fa 0. Jrk-dA + fD Y Zag¢§"kdr]

+ 2,6 JrkdA = rd
? Bf £ fDa th r

3Dy, g

(A.6)

that are nothing else than the conservation equations
for the modified fluxes CoYy(r,&) in each D . Note
that since the angular fluxes in adjacent coarse-mesh
regions with a common boundary 0D, are multiplied
by different factors, it is necessary to split the current
into the leaving current J, and the entering J_. Usually
acceleration of the inner iterations by application of
the rebalancing factors quickly brings all flux ampli-
tudes close to their converged values, so only a few
additjonal iterations are needed to refine the flux
shape.

The first application of rebalancing to inner itera-
tions utilized the global scheme for which all fluxes in
the entire domain were multiplied by the same con-
stant2%%; nowadays, the general coarse-mesh rebal-
ancing is applied, with the possibility of even using
the fine mesh used to calculate the fluxes.61:6993,94
Another rebalancing scheme that has been examined
uses a coarse-mesh angle-dependent rebalancing in
both the space and angular variables. In this case the
angular region is also divided into coarse regions and a
balance equation similar to Eq. (A.5) is obtained by
integration over a spatial and an angular region; then
neutron conservation is forced by multiplying all the
fluxes in a given spatial and angular region by the
same factor.54

Still another rebalancing scheme is based on a
variational principle in which a scaling function of the
form

200B  G. CARLSON and G. I. BELL, Proc. Second Int.
Conf. Peaceful Uses of Atomic Energy, Geneva, Switzerland,
September 1-13, 1958, Vol. 16, p. 535, United Nations, New
York (1955).
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is utilized.?®! Here the f,(r) are “finite elements” de-
fined on a coarse mesh and the expansion coefficients
C, are calculated by using a weighted residual or a
finite element method.

Coarse-mesh rebalancing is also applied to ac-
celeration of outer iterations. In this case, the re-
balancing constants are determined from a balance
equation obtained by collapsing all the energy groups
into one%1%%93:% and scaling all the group angular
fluxes within a coarse-mesh region o with the same
constant C,. These constants are determined from a
set of equations similar to set (A.6),

C JN.-dA - - n
g Zg} U;Da - dA La e 1)zg¢gdr]

+ n ., =
%}cﬁ §faDaBJ_,g dA ?La Sgdr

where ¢, is defined as the mean number of second-
aries for collisions in group g,

G = [(vzf)g+2 zso,gag:] / Z .
g

Another method for rebalancing the outer itera-
tions has been suggested in which a global neutron
balance is imposed separately for every group.?°2 The
scaling coefficients C, for each group g are then ob-
tained from the equations

G {fw Jg-dA + fD (Zag — Xg(”zf)g]‘f’gd’}

=g§g Cy L [Seo.gmg + XgWZP)gt 10grdr + fD Sigdr .

Synthetic Methods

The idea of a synthetic method is to use a lower
order approximation to accelerate the rate of conver-
gence of a higher order one. We will again illustrate
the idea of the method by considering its use for
an inner iteration procedure [Eq. (A.4)]. For conve-
nience we drop all unnecessary indices and write the
equation as

LyF=Hy*1+Q . (A.7)

We first observe that at any stage of the iteration the
exact solution ¥ can be obtained from the relation?®

Y =¢F + (L- HHaYF | (A.8)

2015 NAKAMURA, Nucl. Sci. Eng., 39,278 (1970).

2028 E. CLANCY and 1. J. DONNELLY, Nucl. Sci. Eng.,
39,398 (1970).

23w, H. REED, Nucl. Sci. Eng., 45,245 (1971).
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where the difference between two successive iterates
is
61‘/k - wk _ l‘Dk—l

Direct use of Eq. (A.8) would entail the inversion
of (L — H) and would constitute the very operation
we are trying to avoid with the iteration procedure.
Nevertheless, the relation in Eq. (A.8) can still be
used if we use a “lower order” equation

Ly=Hy+Q

and replace (L — H)! in Eq. (A.8) by the inverse
operator (L; — H;)™! that is less expensive (or easier)
to calculate. As an example, a transport operator
could be replaced by a diffusion operator.

The entire procedure consists of using Eq. (A.7)
to obtain an intermediate vector w , and then sub-
stituting this vector into E% (A 8), with the lower
inverse, to obtain the final

vk = [1-(L; - H)™'(L - H)ILTHy
+ {1+ (L; - H)HILQ .

Low-order Sy calculations have been used to acceler-
ate higher order Sy calculations,?®* and diffusion
theory solutions also have been applied to accelerate
Sy calculations with finite difference approxima-
tions?®* and characteristic methods.”?

The rebalancing and synthetic acceleration meth-
ods are closely related. In fact, rebalancing can be
viewed as a synthetic method in which the lower
order approximation is changed at every iteration.23

Integral Equation Methods

Since an integral equation method typically is
used in smaller geometries than integrodifferential
equation methods, the size of the matrices tends to
be smaller. Therefore the numerical burden imposed
by the solution of the equations is less acute than for
integrodifferential equation methods for which the
inversion takes the major portion of the calculation
time.

Here we shall only illustrate the case of the multi-
group integral equation with isotropic scattering and
sources,

¢ =G(H+S) , (A.9)

where G is a diagonal matrix operator with elements

Ggg 8O that
Gee = [ =

The matrix H;, which is related to the integral over all
directions of operator H in Eq. (A.2) for isotropic

f( "r'

204E. M. GELBARD and L. A. HAGEMAN, Nucl. Sci.
Eng., 37,288 (1969).

scattering, has the elements
Hige' = Zso,g'~g T (WZf)g'Xg >

and §; is the total volumetric source.

For the numerical solution, the operators in
Eq. (A.9) are replaced by matrices and then ¢ be-
comes a vector whose components are the fluxes for
all the energy groups and spatial zones. The matrix H
is decomposed into up-, in-, and down-group scatter-
ing and fission, as in Eq. (A.3), and Eq. (A.9) is solved
by the outer iteration scheme

¢" = G[(H? + H)¢" + (HY + H{)¢™ ' +S;] . (A.10)

Again this equation is solved group by group, in the
order of decreasing energies, which requires the solu-
tion for each group of the following source problem:

¢§= Gggzso,gegd’g + Q?,g s (A.11)

where Q; . is the uncollided term originating from the
angle-integrated effective within-group source,

Qe = Gge [ Z Zso,g'-gPg' + 2 Zso,g'~ePe

g'>g g'<g

*Xg E (VZp)grggr ' + St,g]
gl

Another outer iteration scheme also has been used in
which the upscattering term HY¢""! in Eq. (A.10) is
replaced by HY¢"; this requires repetitive iterations
in the thermal groups.!6®

There are several alternatives for the solution of
the in-group source problem. For small-matrix prob-
lems, such as small one-dimensional cell calculations,
the solution is obtained by direct inversion.!3%16° For
larger size problems, a power iteration technique and
successive overrelaxation are applied.!15:128,169

The power iteration method is formally equiva-
lent to the multiple scattering formalism for the solu-
tion of the integral equation.?%5 Power iterations also
can be accelerated by using the residual minimization
technique. To describe this method, we consider the
power iteration solution of Eq. (A.11), which we
write as

¢ =91+ 0 (A.12)

where k is the inner iteration index and & represents
the operator GZg, At any stage of iteration, the re-
mainder may be defined as

e =¢F - (49" + Q) .
Then the iteration procedure is defined as

¢‘k — ¢k—l + ak—lek—l , (A.1 3)

k-1

where the acceleration parameter 7! is chosen so

that the remainder €* is minimized.

25D, E. CULLEN, Nucl. Sci. Eng., 53,93 (1974).
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The entire residual minimization acceleration re-
quires three vectors, and may be summarized by the
following procedure: Starting with the previous
values ¢k‘1 and €', we compute the intermediate
vectora'k,

¢ = - pe!

and calculate the acceleration parameter

ot = - (g /)

where (, ) denotes an appropriate scalar product. For
instance,

(ab)= ), Viaib; ,

where i denotes the zone index. Finally, the new flux
is calculated from Eq. (A.13) and the new remainder
is obtained from

€k = ekl + oIk
In usual practice, best results are obtained by

alternating power iterations with residual minimiza-
tion accelerations.!®®
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