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Letters to the Editors

Comments on the Existence of
Exceptional Frequencies in
Multiplying Media

Moore' has examined the dispersion of thermal
neutrons in a modulated bare multiplying medium
within the framework of age-diffusion theory. In
particular, the possibility of exceptional frequen-
cies is noted, i.e. pass frequencies, which permit
no attenuation of the source signal, and stop fre-
quencies, which permit no spatial harmonic de-
pendence. By examining the system corresponding
to modulation with zero-frequency neutrons, Moore
is able to conclude that for a critical system, the
only non-zero exceptional frequencies are stop
frequencies.

As a footnote to this work, two further results
can be obtained from this model: 1) For thermal
reactor systems characterized by a thermal-
diffusion lifetime at least as large as the slowing-
down time, all non-zero exceptional frequencies
are stop frequencies. This applies to finite
systems and to all physically realizable values of
the infinite multiplication factor. 2) There exists
a minimum non-zero stop frequency which is re-
lated to the slowing-down time by the condition
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is the slowing-down time.

Starting with the two simultaneous equations
obtained from the real and imaginary parts of the
thermal-neutron dispersion law (Eq. (37) of Ref. 1),
restricting to non-zero exceptional frequencies
(B=0), and eliminating terms involving (L?4 + 1)
results in
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For the argument of the logarithm to be positive,
one requires

kacos B¢, + k1sin @¢, < 0. (5)

The delayed-neutron functions, %,(&) and %:(®), are
positive for all @.

Requirement (5) immediately restricts the trig-
onometric argument from lying in the first quad-
rant, i.e.
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Since slowing-down times, ¢,, are typically of
order 107* - 107® sec, & is restricted to fre-
quencies of the order 10* - 10° sec™. But for
large @,
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(Typically, for U**® and $=§3— = 2500 cycles/sec
7

(corresponding to £, = 10™ sec) %, = 1,75 x 107".)

Since 22(&) << k(&) at these frequencies, condition

(5) cannot be satisfied in the second quadrant with

the possible exception of values of @ ¢, very close

to 7. In this range
cos 51, ~ -1
sin 34, = sin (7-3¢,) ~ 1-B¢,
so that requirement (5) becomes
Fep + By (m-332,) <0

or
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which is inequality (1).
Further, requirement (5) is satisfied only for

7< @4, <27 (8)

or even multiples of these limits. The value
@, = 27 fails to satisfy requirement (5) and must
be excluded.
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The fact that the exceptional frequencies are
stop frequencies is demonstrated by examining the
magnitude of A. Referring to Eq. (4) above, if the
argument of the logarithm exceeds unity, A is
negative and the exceptional frequencies corre-
spond to stop frequencies, i.e. 4 <0, if
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or
Tl / ko > kacos JL, + kysin L, 1. (9)

The value of the right hand side of expression (9)
is bounded by zero and unity. Incorporation of the
upper bound results in
-k
@ > ﬁ—‘j,
which satisfies expression (1) for systems whose
thermal-diffusion lifetime is at least as large as
the slowing-down time.
Similar arguments for 4 > 0 lead to the con-
dition

w<’%‘°,

which violates expression (1). Thus, for bare
thermal multiplying media (and within the frame-
work of the-age diffusion model) the only excep-
tional frequencies are stop frequencies.

The simplicity of requirement (1) is a con-
sequence of the continuous slowing-down model
employed. It is interesting and perhaps surprising
that the characteristic time is the slowing-down
time and not, for example, the mean time to
fission, It should be emphasized, too, that the
simple age-diffusion model is not necessarily
valid at the high frequencies contemplated, This
aspect is currently being investigated by examin-
ing the dispersion relationships obtained from a
telegrapher age-diffusion model.
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Multilevel Cross Sections and
Reactor Criticality*

Resonance cross sections of thefissile isotopes
have been treated in two essentially distinct

*Work performed under the auspices of the USAEC,
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fashions in reactor analysis. In the thermal
energy range, which is normally chosen to extend
from O to about 0.5 eV, these cross sections may
be represented as empirical pointwise functions of
energy. In the epithermal energy range, on the
other hand, resonances are so numerous and so
sharp that one must represent them analytically.
Since the Breit-Wigner single-level formula' has
been universally used in this connection, it be-
comes interesting to examine the effects that the
approximate nature of this formula may have on
criticality calculations.

One possible defect of the single-level formula
is made evident by considering the fission-to-
absorption ratio in a pure U®* fuel element. Near
an epithermal resonance energy, E,, the fission
and absorption of the uranium are dominated by
the resonance in question, and the fission-to-
absorption ratio of the fuel predicted by the
single-level formula is, to a good approximation,
the ratio of the partial widths for fission and ab-
sorption, 1";\/(1"}‘ + 1"{,‘), a quantity independent of
fuel-plate thickness or shape. The general Wig-
ner -Eisenbud theory®®, on the other hand, states
that
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where
c refers to either fission or capture
channels
(A7 = (Ex-E)oypr - & i (THVHTY)V?
1",7,‘,O is the reduced neutron width of the

resonance at E,.

In agreement® with experiment, Eq. (1), which we
shall refer to as the multilevel formula, predicts
that while the capture cross section o, is sym-
metric about E,, the fission cross section is not.
The fission-to-absorption ratio in a fuel element
is thus a function of its dimensions. Since to a
first approximation the effective multiplication
constant of a reactor is porportional to 1/(1+a), it
becomes necessary to investigate the variation of
this ratio with fuel plate geometry.

Multilevel values of 1/(1+a) (averaged over the
energy range between 0.625 and 3.7 eV) were cal-
culated for a series of slab lattices composed of
U fuel plates (10% by atom U?*® #n Zr) and water
at 293°K. The Doppler-broadened multilevel cross
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