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case the activity of foil 2 (induced by epicadmium
neutrons passing through the detector in both
directions) is subtracted from the activities of
both foil 1 and foil 3, the resultant activity differ-
ences being caused entirely by capture of thermal
neutrons. That is B(thermal) = (ai-az)/ (as -az).
This detector has the advantage of great compact-
ness compared with the indium detector.

We gratefully acknowledge the considerable assis-
tance of Nam Chin Paik in the measurements and cal-
culations of detector response.
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An Improved Free-Surface Boundary
Condition for the P-3 Approximation

One of the most common methods of solution of
the monoenergetic neutron transport equation is to
expand the angular dependence of the directional
flux in a truncated spherical-harmonics series'.
The resulting finite number of differential equa-
tions for the spatially dependent expansion coeffi-
cients are generally referred to as the Py equa -
tions. N here refers to the upper limit on the
summation sign of the flux expansion and thus
designates the order of the expansion. Setting N
equal to one yields the widely used diffusion ap-
proximation. If greater accuracy is required, the
P; equations are often used. Only in very special
instances are higher order expansions (N> 3)used
in reactor design.

As is well known', in a finite-order expansion
(N finite) one cannot satisfy exactly the boundary
condition that, at a free surface, no neutrons re-
turn to the system, i.e., the directional flux van-
ishes over a hemisphere (27) of solid angle. Thus
an approximate boundary condition is required. In
this letter we use the variational calculus to obtain
this approximate free-surface boundary condition
for the P3 approximation. The P, free -surface
boundary condition according to the variational
method has been treated elsewhere® and leads to a
linear extrapolation distance of 0.7071 mean free
paths.
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.For definiteness, we consider the left -hand
boundary of a slab system to be a free surface at
2z =a. The right -hand boundary is treated anal-
ogously. Slab geometry is considered for simplic-
ity, but presumably the variational analysis could
be carried through in other geometries. The P;
directional flux expansion is

oei =3 (25 a@Pa, @
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where ¢(z,p) is the directional flux, z is the slab
coordinate, i is the cosine of the angle between the
z axis and the velocity vector of the neutron, P,(u)
is the n*" Legendre polynomial, and ¢,(z) is the nth
expansion coefficient, given by

on(2) = [} duP,(1¢(2,w). (2)

Now, at the free surface, z =a, the rigourous
transport-theory boundary condition is

¢la, ) =0, (0 < pu < 1) (3)

It is evident from the flux expansion, Eq. (1), that
Eq. (3) cannot be satisfied exactly except by the
trivial solution ¢;(@) =0, 0 <¢ <3, In particular,
the structure of the P; equations demands, for a
non -trivial solution, that there exist two linear
relationships between the moments at the free
surface. These two relationships can be written
quite generally as

¢s(a) + Ado(a) + Boi(a) =0, (4)
ox(a) + Coo(a) + Dps(a) = 0. (5)

Mark and Marshak have each suggested methods
for calculating A through D so as to approximate
Eq.(3). (See reference 1 for a general discussion).
Mark sets

¢(a’ Iiz) = O’ (i = 1’ 2) ) (6)

where u; are the two positive roots of P4(u;) = 0,
and Marshak uses

[ auPi(wea, =0, (i=1,3) (1)

as the boundary conditions. As argued by Davison'
and shown by experience, Marshak’s boundary
conditions for the P; approximation, Eq. (7), are
generally superior to those of Mark. (For high-
order expansions, Mark’s conditions may be bet-
ter.) Thus, the Marshak P; free-surface boundary
conditions are currently in general use. Using Eq.
(1) in Eq. (7) and carrying out the angular inte-
grations yields the Marshak conditions explicitly,
which are, in the format of Egs. (4) and (5),
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A= -5/8,
B= -1 |,
C= +4/5, (8)
D= +8/5.

We now determine A through D using the vari-
ational calculus and show that the resulting values
lead to a significantly more accurate result for the
linear extrapolation distance (Milne problem) than
do the Marshak values given by Eq. (8). Including
the boundary terms inthe Lagrangian of the trans-
port equation, as in reference 2, and restricting
the adjoint trial function to be related to the trial
function for the directional flux according to

¢*(Z, IJ‘) = ¢(Z, 'I“L), (9)

yields the following relationship at the free sur-
face:

j;l dup,q)(a, ) 5¢(a’ -4 = o, (10)

where 6¢(a, -14) is the first variation of the trial
function evaluated at z =@ and -p. Equation (9) is
a natural restriction to place on the adjoint trial
function since the exact solutions for ¢(z, ) and
¢*(z, 1) obey this relationship. Using Eq. (1) as the
trial function in Eq. (10) and carrying out all angu-
lar integration yields

< ¢o+4¢1

( do + 6¢1
+<%¢o+%¢1 + 25

7 3 147
'<§§¢1 +Z¢2 (11)

+ '12—8¢>.s>5¢3 =0,
where the argument of the moments, z=a, has
been omitted for simplicity. Using Eqgs. (4) and (5)
in Eq. (11) to eliminate ¢z, ¢3, 6¢2 and 6¢s and
setting to zero the coefficients of @¢oS¢o, GOy,
016y, and ¢;0¢; yields four nonlinear equations
for the four unknowns, A through D:

%-—55 —l—c %cp 3BC+:—;%A-%AD
iingB 0, (13)

_211.+%C+g—2A—%D ggczn 3AD - 230
-%AB:O, (14)

_1_%+163 ggpz EZB - 0. (15)
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Solving Egs. (12) through (15) numerically, we find
A = - 0.532591,
B = - 0.868925,
C = + 0.744949,
D =+ 1.522003.

We note that these values follow the same trend
as do the Marshak values, but are consistently
smaller (in absolute value).

To compare the accuracy of the Marshak and
variational P; free - surface boundary conditions,
we consider the Milne problem, i.e., a pure iso-
tropic scatterer occupying the halfspace z > 0 with
a source at infinity. The P; equations for this
problem are

d?lgz)z 0
dz ’
%%Z— +E<1>(z)+——&-(—l 0,

2d@152) . § dgssz _
5z To%e(d)rgy =0,

3 40:(2) 4 5gy(2)-0,

(16)

(§%))
(18)
(19)

(20)

where Z is the macroscopic collision cross sec-
tion., The solution of Egs. (17) through (20) which
has the proper behavior at infinity is

-vZz (21) .

Po(2)=aZz + B +ye s

61(2)= - 3a, (22)
¢2(2) = - %ye"'“ , (23)
9s(2) = -Sive ", (24)

where v = V35/3. Using Egs. (4) and (5) as the
boundary conditions at z = 0 gives

_ 3 (3wC-14

“‘14<AD-BC> (25)
_{3vCD - TBC - 14C(DA - BC))

B = ( 14C(AD - BC) v. (26)

Now, the linear extrapolation distance d, is defined
as the reciprocal of the logarithmic derivative of
the asymptotic scalar flux, ¢o, at the free surface.

Thus we have 27)
d= B A = 1 {3vCD - TBC - 14C(DA - BC) N
T a ™ T 3C 3vC - 14 w?

where we have defined the transport mean free
path, A, ,as 1/Zfor an isotropic scatterer. Using
the Marshak values for A through D, Eq. (8), in
Eq. (27) yields the familiar result d = 0.7051 A, .
This value, when compared to the exact Wiener -
Hopf result of 0.7104 7, , is seen to be 0.75 percent
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in error. Using the variational values for A
through D, Eq. (16), in Eq. (27) yields d = 0.7118
A¢r, Which is 0.20 percent in error. Thus the use
of the variational boundary conditions has reduced
the error by almost a factor of four. For com-
pleteness we mention the Pz Mark value for d
which is 0.6940 X\, 2.31 percent in error. Al-
though the Milne problem is primarily of academic
interest, it is suggested that the variational bound-
ary conditions derived here will yield better re-
sults than the Marshak conditions for practical
problems involving free surfaces, such as criti-
cality calculations, thermal-control-worth calcu-
lations, blackness-coefficient calculations, etc.

At a right-hand free surface, assumed to be at
z = b, the variational boundary conditions, in the
format of Egs. (4) and (5) (with the argument z=a
replacedby z = b) are easily found from symmetry
considerations to be

A= +0.532591 ,
B = - 0.868925 ,
C = + 0.744949 ,

= - 1.522003 .

A more detailed account of this work, including
generalization to even-order and higher odd-order
expansions, and treatment of entrant boundary
conditions, will be published in the future.

(28)
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Differences in the Removal of Activity
from an Irradiated Thoria/Urania Slurry

and from a Slurry Containing
Adsorbed Activity

The method suggested for chemical reprocess-
ing and purification of Th/U/O slurry type reactor
fuels by Gardner' was tested with thoria/urania
slurry used in an in-pile loop experiment. Less
than 1% of the gross gamma activity due to fission
products was removed from the slurry by leaching
with 6 M HNO; (100 C) for 6 hours. A comparison
of the gamma activity in the slurry before and af-

'D. G. GARDNER, ‘A Suggested Method for Chemical
Processing and Purification of Th/U/O Slurry Type Re-
actor Fuels,’® Nucl. Sci. and Eng. 10, 228-234 (1961).
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ter treatment showed no detectable selective
removal of activity. Under his conditions, Gardner
reports removal of 60 to 74.3% of the activity from
an unirradiated slurry containing Ce'** tracer as a
stand-in for fission products. Our study demon-
strates that simple acid leaching can not be used
to decontaminate irradiated thoria slurry for re-
cycle.

The slurry used in our study was from an
experiment of the Thorium Utilization Program of
the Reactor Chemistry Division, Oak Ridge
National Laboratory.? The slurry contained 1350g
of Th/0.4% U®* oxide per kg of D,O, to which was
added a sufficient amount of palladium-treated
thoria to bring the palladium concentration to
0.019 M. (The palladium was used as a catalyst
for hydrogen/oxygen recombination.) The slurry
had been prepumped for 900h prior to irradiation,
and then irradiated to a total of 7 x 10*® fissions
per gram of ThO,. The operating temperature of
the in-pile loop was 280 C, and pressurized oxygen
was kept over the slurry. Initially the slurry
particles averaged 2 pm in size and had a surface
area of 2.7 m?/g. Due to the combined effect of
pumping and irradiation, the particles averaged
about 0.75 pm in size and had a surface area of
32.9 m?/g when discharged from the irradiation
loop. At the time of the decontamination study, the
slurry had been out of the reactor about 18 months
and typical fission-product analyses were 1.5 X
10" dis min™' g™! of cesium, 1.3 X 10° of cerium,
and 4.1 X 10° of zirconium.

The slurry used by Gardner as thebasis for the
originally suggested procedure was prepared by
fixing Ce(NOs)s containing Ce'** tracer on pre-
pumped thoria/urania by autoclaving at about
600 F. The differencebetween the results obtained
with this material and the irradiated slurry may
be attributed to the following: 1) The activity
present in our study came from in situ fission of
uranium rather than adsorbed tracer 2) Although
fission recoil will result in the removal of some
of the fission fragments from the particle in which
the fission takes place, the stopping point of many
of these fragments will be in another thoria parti-
cle® 3) Fission within the thoria particles
results in the ejection of some of the thoria into
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