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Reply to "Comment on 'Reduction of 
"Calculational" Uncertainties Due to 

Approximate Fission-Source Matrices'" 

In a recent Note,1 we proposed a simple scheme for 
refining transport calculations in codes like ANISN (Ref. 2), 
DOT (Ref. 3), and XSDRNPM (Ref. 4), which are limited 
to using only outer-product fission-source matrices, with-
out modifying these codes. Unfortunately, Hill's comment5 

misinterprets our Note as a "report on the effect of a 
single fission-neutron-independent spectrum" (whatever that 
m e a n s . . . ) "versus the exact full fission matrix." In this 
Letter we shall not only clarify a few fine points that Hill 
might have overlooked, but also describe numerical schemes 
that we have been successfully using for many years in the 
direct calculation of various eigenvalues using our own Sn 
code. 

The rigorous treatment of the source term in the transport 
equation calls for a full scattering matrix Tgg> (S in Ref. 5) and 
a full fission matrix T^/ (XPEf in Ref. 5). The use of full 
fission-source matrices in neutron transport calculations was 
indeed reported by Hill et al.6 in June 1973 and, by the way, 
also by Wagschal and Yaari7 even in March 1973. Unfortu-
nately, the use of full fission-source matrices is still rather 
uncommon, perhaps because Hill et al.6 concluded that "the 
use of these fission matrices does not seem warranted." As we 
emphasize in Ref. 1, even though the effect of the outer-
product fission-source matrices is not necessarily that impor-
tant, it introduces a computational error, which may equal 
the experimental uncertainty in keff, and which can be easily 
substantially reduced or eliminated altogether without having 
to modify the transport codes. 

The rigorous total-source matrix rggt is 

Tgg'-Tgg' +T/s' > 
and in keff calculations it is replaced by an effective total-
source matrix r ^ ' , using the keff eigenvalue k, 

(1) 

rk, =Ts / 'gg Tgg T £ Tgg • (2) 

The Los Alamos National Laboratory codes, ONETRAN 
(Ref. 8) and TIMEX (Ref. 9), and our own S„ code7 have an 
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option (default in our case) to correctly treat the full fission-
source matrix as in Eq. (2). The values labeled "reference" in 
Table I of Ref. 1 are therefore quite exact. 

Since most commonly used codes are limited to employing 
outer-product fission-source matrices (vUf)g'ig (xvEf of Ref. 5) 
only, we proposed to replace the true scattering matrix Ts

gg> of 
Eqs. (1) and (2) by a modified scattering matrix fgg> when 
using these codes. The modified matrix igg' is1 

^G'=TGG' , (3) 
and not as implied by Hill5 in his Eq. (3b). The approximate 
effective-total-source matrix in codes like ANISN would thus 
be 

= = (\ - (vaf)g>1g , (4) 

and the difference between the rigorous and approximate 
effective-total-source matrix is 

'Argg'=Tgg'-Tgg> ( i - ^ ) r g
f g ' - ( j - l ) ( P O f ) g f i g . (5) 

Using an ANISN-type code without modifying the scatter-
ing matrix, the effective-total-source matrix is 

Tgg>=TS
gg>+f(V<Jf)g>1g , (6) 

and the difference between the rigorous and this approximate 
effective-total-source matrix is 

^Tgg'= Tgg' ~Tgg> = \rfgg> - 4 iyOf)g'ig . (7) 

It is obvious that ATgg' is much smaller than ATggi even when k 
is not equal to unity, and that for k = 1, Argg> will vanish, 
whereas ATgg> generally will not vanish. 

The decrease of the discrepancy between the rigorous and 
approximate values of a few integral parameters when using 
our modified scattering matrix scheme is clearly demonstrated 
in Table I of Ref. 1. 

For other than keff problems, i.e., other types of eigen-
values or source-driven subcritical systems, fgg' is indeed 
identical to Tgg>. In such problems k = k = Tc = 1, ATgg> = 0, 
but ATgg', in general, will not be equal to zero, since the full 
fission matrix cannot always be factored into (VQf)g' fg. This is 
exactly the reason why the ANISN factored-fission-matrix 
scheme should be replaced by the full fission matrix treat-
ment. However, we have shown1 that no matter how bad a 
factorization is used, with our modified scattering matrix, the 
results are rigorous for non-A:ê y problems and an excellent 
approximation in keff problems without modifying the ANISN 
code. 

Hill5 states that to his knowledge, no general Sn transport 
code can use only the total scattering matrix. What he prob-
ably means is the total source matrix. In any case, our Sn code 
has the option of using only the total source matrix in non-keff 
problems. Moreover, we do not use any intermediate eigen-
value, and each primary eigenvalue is being calculated directly. 
In the following section, we will describe our direct procedure 
for the calculation of a few eigenvalues.10 

Several eigenvalue-type representations of the neutfon 
transport equation have been considered. These eigenvalue 
equations are 

(a/v+O-V + Xt)<pa = Qs[(t)0l] + Qfl<p0c] = Q[<t>0l] , (8) 

(O-V + r,)07 = i {Qs[(t>y] + Qf[<f>y]\ =^Q[<t>y] , (9) 
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and 

(10) 

The quantities appearing (in abbreviated notation) in the 
above equations are defined as follows: 

1.The quantities 0(r,£,Q) and 2 f ( r ,£ ) are the (space-, 
energy-, and angle-dependent) flux and the (space- and energy-
dependent) total macroscopic cross section. 

2. The quantity 

QsW= f°°dE' f dQ'2s(r,E',a,->E,aMr9E',Q') (11) 
•'O J4 ir 

is the scattering source term. 
3. The quantity 

Q/L0] = jQ°° dE' f^dQ'lxiE'^EMr^XfW)!**] 

X 0 ( r , ( 1 2 ) 

is the fission source term. 
Note that both Qs[(p] and £?/[0] are linear functional of the 
flux 0. The eigenvalues a, 7, and 5, which appear in Eqs. (8), 
(9), and (10), respectively, represent the asymptotic inverse 
reactor period, the effective collision multiplication factor, 
and the effective density factor. 

Equations (8), (9), and (10) are being solved iteratively. 
The flux obtained in the (n - l)'th iteration, 0(w_1), is used 
to calculate the source term for the n'th iteration, Q[0(w_1)], 
and the latest eigenvalue [a(n_1), y(n~l\ and 5("_1)] is being 
used to calculate the flux in the n'th iteration. Equations (8), 
(9), and (10) can thus be rewritten as 

[a^-^lv + Q-V + Xt]<p(
a

n) = e[0iw_1)] , 

and 

[ o - v + ^ t f ^ p f e f i w ! 

The new estimates for the eigenvalues are derived from 

m>Pin)] 

and 

y(n) _ y(n-l) SI*™] 

(8') 

(9') 

(10') 

(13) 

(14) 

(15) S[$ln-l)}-T[<t>ln)] ' 

The quantities appearing (in abbreviated notation) in the 
preceding equations are defined as follows: 

1. 5[0(M)] is essentially the integral over phase space of the 
total source term Q[<t>(n)] 

2. H/[0i")] is the integral over phase space of \/v times the 
flux 0<^(r,£,O) 

3. T[(j)^n)] is the integral over phase space of Zf times the 
flux. 

In conclusion, we are grateful to Dr. Hill for his comments 
that provided an opportunity to stress once again what is 
rigorous and what is a very good approximation. We are also 
pleased to be able to introduce the algorithms for the direct 
evaluation of various eigenvalues. It is a pity that Hill did not 
make any comment on the closing remarks of Ref. 1. 
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Propagation of Knowledge 
Regarding Conservation During 

Doppler Broadening 

Can field1 in 1967 and later Cullen2 in 1973 demonstrated 
that the area under the cross-section curve is not conserved 
and that the only conservation law associated with Doppler 
broadening is the integral of the reaction rate per incident neu-
tron over all phase space. It was also emphasized by Cullen2 

that "the concept of conservation of area under the curve be-
ing conserved has propagated into the literature and become 
part of the folklore of nuclear engineering." Cullen and Weis-
bin3 present an interpretation of the Doppler broadening equa-
tions in Eqs. (13) through (19). On pp. 209-211 they explicitly 
discuss the psi-chi method and its limitations, and Table III on 
p. 210 contains a concise summary of conservation laws for 
the exact and various approximations to the Doppler broaden-
ing equation. 

In this Letter we point out that the books very recently 
published have not taken note of these facts published a de-
cade ago and they continue to erroneously propagate the con-
cept of conservation of area during Doppler broadening. For 
instance Waltar and Reynolds4 state, . . infinite dilute group 
cross section is unaffected by Doppler broadening." Ash5 

makes the same error by stating that "the average cross section 
over the resonance region stays constant" (independent of 
temperature). In Ref. 6, a research monograph, it is stated by 
Rowlands on p. 57 that the total area under the resonance 
curve is constant when the temperature changes. In the same 
monograph,6 James and de Saussure state on p. 136, "It can be 
shown that Doppler broadening conserves the 'area' under a 
resonance." 

The author of the present Letter sincerely hopes that at 
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